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Abstract

This thesis describes results of the experimental study on radio-frequency stimulated molec-

ular associations in a 87Rb Bose-Einstein condensate (BEC) without assistance of magnetic

Feshbach resonances. This new method of molecular creation and the generation of asso-

ciated rf-induced Feshbach resonances has been theoretically proposed in 2010; however,

we are the first group who has demonstrated it experimentally.

In order to produce the atoms-molecule coupling the BEC was prepared in a coherent

superposition of two states |F = 1, mF=−1〉 and |F = 2, mF=1〉 and then irradiated

by a high power radio-frequency field for a certain time interval. During the search for

the resonance many realizations of the experiment have been performed, varying the rf

frequency with a fixed step (2 kHz). Sudden decrease of the number of atoms was used as

an indication for the resonance location. The subsequent measurement of the increased

two-body loss coefficient allowed us to assess the atoms-to-molecule conversion rate.

As high power radio-frequency radiation is needed for stimulated binding of the atoms,

this thesis describes our method of generation of the rf fields with up to 6 G of amplitudes

which can be easily reproduced and employed for rf induced molecular associations from

other elements or in other experiments. The rf-induced atoms-molecule coupling can also

be used as a tool for measurements of the Zeeman energy of the molecules with a kHz

precision. This high accuracy has been achieved after the deep analysis of the coupling

curves and the development of the theory describing the shapes of the atoms-molecule

coupling. This thesis contains the experimental data for the Zeeman energies of five

molecular states (F = 1, 2, 3), which have been measured in the range of DC-magnetic

fields 0.15−3.3 G.
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CHAPTER 1

Introduction

1.1 Motivation

A Bose-Einstein condensate (BEC) is another phase (state of matter like solid, liquid, gas

or plasma) in which a large fraction of a bosonic ensemble settles in the lowest quantum

state. In a typical experiment bosons (atoms with an integer spin) need to be sequentially

cooled in a vacuum chamber by several techniques (laser cooling and trapping, evapora-

tive cooling, sympathetic cooling) from room or higher temperatures (many hundreds of

Kelvin) down to hundreds of nano-Kelvins above absolute zero where the atomic wave-

functions start to overlap and the bosons collapse into a single quantum state. All the

bosons in a BEC behave as a single atom and it allows to observe quantum properties on

a macroscopic scale. By imaging N atoms in a BEC with resonant or detuned laser light

experimentalists can reconstruct the wave function of a single atom in the condensate as

it is equivalent to making N images of the same atom in its original state. For this reason

BEC is an ideal tool for testing laws of quantum mechanics and for simulation of more

complex quantum systems.

After the first experimental demonstration of 87Rb (Anderson et al. [1]), 7Li (Bradley

et al. [2]) and 23Na (Davis et al. [3]) BECs in 1995 the major pathways and techniques

were developed that has led to successful observation of BEC of most alkali atoms such as

39K (Roati et al. [4]), 41K (Modugno et al. [5]), 85Rb (Roberts et al. [6]), 133Cs (Weber et
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al. [7]) as well as non-alkali species 1H (Fried et al. [8]), metastable 4He∗ (Robert et al. [9]),

(Pereira Dos Santos et al. [10]), 52Cr (Griesmaier et al. [11]), 174Yb (Takasu et al. [12]), 84Sr

(Stellmer et al. [13]), 40Ca (Kraft et al. [14]), 164Dy (Lu et al. [15]), 168Er (Aikawa et al. [16])

and diatomic molecules of fermionic 6Li (Jochim et al. [17]), 40K (Greiner et al. [18]).

Nowadays ultracold molecules and tuning the interactions between the ultracold atoms

arouse a lot of interest of experimentalists and theorists. Major cooling techniques tested

on ultracold atoms can be extended to ultracold molecules which opens an opportunity

for new experiments in chemistry and molecular physics. However, the direct cooling

of molecules is not an easy task because of their complex quantum structure. For this

reason another way of producing ultracold molecules is used by creating them from the

ultracold atoms. Various pathways have been used for conversion of the ultracold atoms

into ultracold molecules, such as photo-association or magnetic Feshbach resonances.

In this thesis we experimentally demonstrate a new way of rf-induced molecular associ-

ation without assistance of magnetic Feshbach resonances, which gives certain advantages

over the previously used methods such as very low heating (absence of spontaneous emis-

sion) and the ability to work at arbitrary magnetic fields.

1.2 Background

This section contains an overview of experimental and some theoretical works related to

the creation and investigation of the properties of ultracold molecules.

In the first experiments cold molecules were made by a photoassociation method from

laser cooled atoms of 85Rb (Cline et al. [19], 1994) (experiment data was complemented

in 2006 by Bergeman et al. [20]), 133Cs (Fioretti et al. [21], 1998), (Takekoshi et al. [22],

1999), 39K (Nikolov et al. [23], 1999), 87Rb (Fioretti et al. [24], 2001). Later, the first

ultracold molecules were created from BEC samples via Raman transitions: 87Rb2 (Wynar

et al. [25], 2000), (Verhaar et al. [26], 2001), starting an avalanche of publications about

the new world of ultracold molecules. In an interesting realization the two-photon Raman

photoassociation process was used for the creation of 87Rb2 molecules in the two last

bound states in an optical lattice with a single molecule per site (Rom et al. [27], 2004).

Photoassociation was also used for production of polar RbCs molecules in their vibronic



Background 3

ground state from laser cooled atoms (Sage et al. [28], 2005).

From 2002 magnetic Feshbach resonances (Chin et al. [29]) have become a workhorse for

numerous experiments to generate ultracold molecules. The first experimental realizations

of coherent mixtures of atoms and molecules in 85Rb BEC created by the rapid scan of

magnetic field across the magnetic Feshbach resonance, were reported (Donley et al. [30]

and Kokkelmans et al. [31], 2002). The same technique was used for the measurement of

the bound state energy of 85Rb2 molecules (Claussen et al. [32], 2003). Another way of

employing magnetic Feshbach resonances was experimentally demonstrated in 2003: an

ultracold sample was held at a magnetic field near the Feshbach resonance on the positive

scattering length side which enhanced three body collision rates and led to the creation

of 6Li2 molecules (Cubizolles et al. [33], Jochim et al. [34]). Other experiments involve

the creation of 87Rb2 molecules by sweeping over the magnetic Feshbach resonance with

the subsequent conversion of molecules back into atoms and imaging by an absorption

technique (Dürr et al. [35], 2004). The most recent experiment has been done in con-

junction with a dark-state two-photon spectroscopy of ultracold molecules 87Rb2 in an

optical lattice, created from BEC by scanning through the resonance at 1007.4 G (Strauss

et al. [36], 2010).

Utilization of magnetic Feshbach resonances was extended by the implementation of an

rf field for the creation of ultracold molecules and precise measurements of their bound

energies. The combination of magnetic Feshbach resonances and rf fields has led to reports

of successful experimental observation of the molecules made from bosonic and fermionic,

ultracold and quantum degenerate atomic samples: 40K2 (Regal et al. [37], 2003), 6Li2

(Chin et al. [38], 2005), 85Rb2 (Thompson et al. [39], 2005), 85Rb−87Rb (Papp et al. [40],

2006) and 40K−87Rb (Ospelkaus et al. [41], 2006). Growing interest in rf-spectroscopy led

to development of a number of theories about rf excitation rates and line shapes (Chin

et al. [42], 2005) as well as the conversion efficiency as a function of different parameters

(pulse duration, amplitude, field modulation frequency, temperature of the gas, Hanna

et al. [43], 2007). Some experimental data about radio-frequency association of molecules

near Feshbach resonances have been published together with analytic theories that describe

the asymmetric shapes of the observed rf spectra for 40K−87Rb molecules (Klempt et
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al. [44], 2008), 41K−87Rb (Weber et al. [45], 2008), 87Rb2 (Kaufman et al. [46], 2009).

Recently a new paper was published on the archive about the creation of 40K2 molecules

by sweeping over the magnetic Feshbach resonance and then using rf-spectroscopy to

investigate bound-to-bound transitions as well as free atoms-to-bound state spectroscopy

with ∆M = 0 and ∆M ± 1 in the vicinity of the Feshbach resonance (Huang et al. [47],

2014).

Another type of experiment that is developing at present is the transfer of created

weakly bound Feshbach molecules into more tightly bound states. Already experimentally

demonstrated has been an optical method of transfer in 87Rb2 (Winkler et al. [48], 2007),

(Lang et al. [49], 2008) and on 40K−87Rb (Ospelkaus et al. [50], 2008) as well as the other

method of radio-frequency adiabatic passage for 87Rb2 (Lang et al. [51], 2008).

Nowadays rf-coupling is widely used in experiments with ultracold molecules and offers

the highest precision for measurements of the bound energies. However, all rf-induced

molecular associations so far have been restricted to being performed in the vicinity of

magnetic Feshbach resonances (proximity of magnetic Feshbach resonance maximizes the

coupling efficiency of the colliding atoms to the bound state, Beaufils et al. [52], 2010). In

2010 three theoretical papers were published about the employment of mw- (Papoular et

al. [53]) or rf-driven (Tscherbul et al. [54]), (Hanna et al. [55]) molecular associations at

arbitrary DC-magnetic field, regardless of the existence of magnetic Feshbach resonances.

These ideas offer very promising opportunities for the rf-induced method to become a

universal and widely used technique of molecular association and extend the number of

ultracold molecules to be made from many different elements. Other proposals are con-

cerned with using the rf field not just without, but instead of, the magnetic Feshbach res-

onances (Tscherbul et al. [54], 2010), (Avdeenkov et al. [56], 2012) to tune the interaction

between the atoms in a similar way to optically induced Feshbach resonances (experimen-

tally observed by Theis et al. [57], 2004 and Enomoto et al. [58], 2008). Alternatively,

scattering lengths in multicomponent quantum gases might be tuned independently for

every species by the employment of magnetic and radio-frequency fields (Zhang et al. [59],

2009). Other examples of the application of ultracold molecules include atomic scattering

lengths measurements (theory has been tested on Cs2 molecules, Lange et al. [60], 2009)
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F = 2
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Figure 1.1: Zeeman splitting of the hyperfine structure of 87Rb in magnetic field with

letter notations for each level. The case of the mixture of atoms “c+g” in the entrance

channel is of particular interest. With the selection rule for transitions ∆mF=±1 rf-

induced association leads to six possible molecular states, presented in the table.

and testing variations of the fundamental constants via precise measurements (accuracy

∼ 3 Hz) of mw-transitions in cold CH molecules (Truppe et al. [61], 2013).

1.3 Rf-induced molecular association

The main aim of the current experimental work is to observe for the first time rf-induced

molecular association without the assistance of magnetic Feshbach resonances. The orig-

inal inspiration has come from two novel theoretical papers by Tscherbul et al. [54] and

Hanna et al. [55] published in 2010 where the authors used different approaches (the

coupled channels method and the multichannel quantum defect method, respectively)

and have come qualitatively to the same results. A quantitative analysis is presented in

Section 4.3.

Figures 1.1 and 1.2 explain the principle of rf-induced molecular associations. The

collision of two atoms in a BEC is a multi-channel process (i.e., multiple outcomes of the

scattering) as atoms can undergo transitions to different internal states (Fig. 1.1) (this

is the major loss mechanism of trapped atoms, Sec. 4 and 5 in Pethick an Smith [62]).

The presence of the resonant radio-frequency radiation adds an additional output channel

for the scattering process: the pair of atoms can emit a photon and become a molecule.
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Figure 8. Bound state structure and Feshbach resonances of 87Rb. Energies are
shown as a function of magnetic field. Bound states are shown as solid lines,
and labelled with the channel (αβ) in which they are concentrated. Collision
thresholds are shown with dotted lines. In (a), energies are shown relative to the
a + e entrance channel threshold. Resonances occur when a bound state crosses
a collision threshold of the same MT . These are shown with points and labelled
with the entrance channel α +β. Note that we only show the thresholds of
channels containing a resonance. Colours indicate different MT , as labelled. The
Zeeman effect is close to linear in the field range shown, and each bound state
is concentrated in a single channel. This gives rise to the grouping of resonances
around 9 and 18 G. In (b), the bound state spectra of the a + d, a + e and a + f
channels are shown relative to their own thresholds. In (c), the dressed channel
energies are shown relative to that of the |a + e, N0〉 threshold. Here, the rf
frequency is 5.5 MHz. The bound state structure shown in (a) and (b) results in a
number of bound states becoming degenerate with each other and the |a + e, N0〉

threshold near 9 G. The bound state causing the a + e resonance is coupled most
strongly to states in the |a + f, N0 ± 1〉 channels, which are indicated with the
dashed circle in panel (c).

concentrated (> 90 %) in a single channel α +β, and is labelled (αβ). The energy of each bound
state then remains at a constant offset from the threshold energy of its corresponding channel.
Also, the Zeeman effect is close to linear within the range of magnetic field considered here.
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and λν = −µ0gFν
Brf/2

√
N is the coupling constant, which

quantifies the strength of the atom-field interaction. In the
rotating-wave approximation, the Hermitian conjugate terms
in Eq. (2) are neglected in calculating the matrix elements
between the states within the F = 2 manifold (and vice versa
for the F = 1 manifold).

We consider ultracold collisions of two identical 87Rb atoms
in superimposed dc and rf magnetic fields. Following Agosta
et al. [16], we introduce a symmetrized basis,

1

[2(1 + δτAτB )]1/2
[|τAτB〉 + η(−)�|τBτA〉]|N + n〉|�m�〉, (3)

where |τν〉 are the hyperfine states |FνmFν
〉, |N + n〉 are the

photon number states, η accounts for exchange symmetry (η =
+1 for two identical 87Rb atoms), and |�m�〉 are the partial
wave states. Diagonalization of Ĥas in the basis (3) yields the
energy levels of two noninteracting atoms dressed by the rf
field. The field-dressed states occur in manifolds separated
by multiples of the photon energy h̄ω [21]. Throughout this
work, we consider rf frequencies in the range ω/2π = 18–
40 MHz and moderate dc fields B < 10 G, which corresponds
to the weak coupling regime, where the energy separation
between different photon manifolds is larger than the coupling
between the manifolds [22]. We use the eigenfunctions of
the asymptotic Hamiltonian to expand the wave function
of the collision complex. Inserting this expansion into the
Schrödinger equation leads to a system of close-coupled
(CC) differential equations yielding S-matrix elements and
transition probabilities between the field-dressed states. To
solve the CC equations, we evaluate the matrix elements of
the Hamiltonian (1) in the field-dressed basis analytically [23]
using the most accurate potentials for the singlet and triplet
states of Rb2 [24]. Seven photon number states are included in
the basis set (3) resulting in 252 coupled equations, which are
integrated on a grid of R from 3 to 300 a0 with a step size of
5 × 10−3 a0. This procedure produces fully converged results
at a collision energy of 1 µK. To evaluate the bound states of
the Rb2 molecule, we use the asymptotic bound-state model
(ABM) [25] properly extended to include the interactions with
rf fields.

Figure 1 shows the magnetic field dependence of near-
threshold energy levels of the Rb2 molecule in the absence of
an rf field [25]. At certain magnetic fields, the asymptotic
two-atom scattering states become nearly degenerate with
molecular states, giving rise to Feshbach resonances [1].
We focus on a mixed-spin resonance that has been detected
experimentally in an optically trapped mixture of ultracold
Rb atoms in the |1,1〉 ⊗ |2, − 1〉 initial state [26,27]. This
resonance corresponds to the symmetry-allowed crossing
encircled in Fig. 1. Figure 2(a) shows the real and imaginary
parts of the scattering length a = α − iβ for two Rb atoms as
functions of dc magnetic field for different rf field amplitudes.
The elastic and inelastic cross sections can be evaluated from
a as σel = 8π (α2 + β2) and σinel = 8πβ/ki [1]. At zero rf
field, the resonance occurs at B = 9.15 G, in good agreement
with the experimental results of 9.09 ± 0.01 G [26] and
9.12(9) G [27]. As shown in Fig. 2, an external rf field shifts
the resonance to higher magnetic fields without affecting its
width. The magnitude of the shift increases quadratically with
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FIG. 1. (Color online) Near-threshold energy levels of Rb2 versus
magnetic field. The energies of two separated atoms are shown by
dashed lines and labeled in the graph. The red (blue) lines show the
molecular levels A–F (in order of increasing binding energy) with
mF = mFA + mFB = −1 (+1) . The light blue lines correspond to
the molecular states with mF �= ±1. The zero of energy corresponds
to two infinitely separated Rb atoms in the absence of hyperfine
structure and external fields.

increasing rf amplitude. An expanded view of the encircled
area in Fig. 1 presented in Fig. 2(c) illustrates that off-resonant
rf fields modify both atomic thresholds and molecular bound
states, thereby altering the positions of avoided crossings and
Feshbach resonances. The shifts arise due to virtual exchange
of rf photons between different atomic hyperfine states, which
modifies the atomic g factors [22]. The ABM overestimates
the resonance position by 0.15 G, but accurately reproduces
the rf-induced resonance shift.

An interesting possibility suggested by recent experimental
work [18] is to use rf fields to directly couple a two-atom
scattering state with a bound molecular state. This coupling
would lead to a Feshbach resonance whose properties depend
on the parameters of the rf field. As shown in Fig. 1, six of 15
low-lying molecular states can be accessed from the continuum
by scanning the rf frequency from 18 to 24 MHz. The other 11
states remain uncoupled from the initial state |1,1〉 ⊗ |2, − 1〉
due to the selection rules �n = ±1 and �mF = ∓1 imposed
by Eq. (2). Figures 3(a) and 3(b) show the rf frequency
dependence of the cross sections for two Rb atoms in the
|1,1〉 ⊗ |2, − 1〉 state at a magnetic field of 2 G. The scattering
length exhibits a number of sharp peaks at rf frequencies
corresponding to the bound levels A–F in Fig. 1. The widths of
the resonances increase with increasing rf amplitude. As shown
in Figs. 3(c) and 3(d), rf-induced Feshbach resonances can also
occur in collisions of atoms initially in the low-field-seeking
state |1, − 1〉 ⊗ |2,1〉.

In order to understand the mechanism of rf-induced
Feshbach resonances, we use a three-state model developed by
Bohn and Julienne [28] and illustrated in Fig. 4. The rf field
couples the incident channel |i,N〉 to the field-dressed bound
state |b,N + 1〉 with energy εb + h̄ω, where εb is the binding
energy of the molecular state in the absence of an rf field. The
bound state |b,N + 1〉 is coupled to an open channel |a,N + 1〉
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FIG. 2. (Color online) Magnetic field dependence of the real
(a) and imaginary (b) parts of the scattering length for s-wave
collisions of 87Rb atoms initially in the |1,1〉 ⊗ |2, − 1〉 state at
different rf field strengths: zero (left), Brf = 4 G (middle), and
Brf = 10 G (right). (c) A zoom into the encircled area in Fig. 1
showing atomic thresholds (dashed lines) and molecular bound states
(full lines) at zero rf field and Brf = 10 G. ω/2π = 30 MHz.

by the spin-dependent interaction potential (1). Introducing
the matrix elements γib = 2π |〈i,N |ĤA + ĤB|b,N + 1〉|2 and
γba = 2π |〈b,N + 1|V̂sd(R)|a,N + 1〉|2, we obtain for the real
and imaginary parts of the scattering length [28],

α = αbg + 1

ki

1
2γibh̄[ω − ωb − δω(Brf)]

h̄2[ω − ωb − δωb(Brf)]2 + γ 2
ba/4

,

(4)

β = 1

ki

1
4γibγba

h̄2[ω − ωb − δωb(Brf)]2 + γ 2
ba/4

,

where ki is the wave vector for the incident channel, αbg

is the background scattering length, ωb is the resonant
rf frequency (h̄ωb = εb), and δω(Brf) is the rf-induced level
shift. The expressions (4) are similar to those encountered
in the theory of optical Feshbach resonances [1,28] with
one important difference: the loss from the bound state |b〉
is induced by the spin-dependent interaction potential (1)
rather than spontaneous emission [6,28]. Since γib ∼ B2

rf , the
widths of rf-induced resonances increase quadratically with
Brf . The resonant frequencies given by Eqs. (4) are shifted from
those corresponding to bare molecular states by the amount
δω(Brf) ∼ B2

rf [28]. Because the rf-induced coupling is weak
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FIG. 3. (Color online) The real (a) and imaginary (b) parts of the
scattering length for s-wave collisions of 87Rb atoms initially in the
|1,1〉 ⊗ |2, − 1〉 state as functions of the rf frequency at B = 2 G.
(c, d) Same as in (a) and (b) but for the |1, − 1〉 ⊗ |2,1〉 initial state
and B = 3.23 G. The rf amplitude is 4 G [blue (light grey) lines] and
10 G (black lines). The rf-induced resonances are labeled after the
bound states A–F in Fig. 1.

and αbg is large, the real part of the scattering length does not
vary appreciably in the vicinity of the resonances, increasing
from 103.7 to 106.5 a0 near the resonance D as the rf frequency
is scanned from 31.405 to 31.413 MHz. The inelastic loss rate
at the resonance is ∼10−12 cm3/s. From Eqs. (4), it is clear

εb
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| i, N> |b, N+ l >

|a, N+1>

Vsd

ω

∆

FIG. 4. (Color online) A schematic illustration of the rf-induced
Feshbach resonance. The rf field induces coupling between the initial
two-atom dressed state |i,N〉 and a bound molecular state |b,N + 1〉,
which is coupled with a low-lying open channel |a,N + 1〉 via the
spin-dependent interaction potential. � = h̄ω − εb is the detuning
from resonance.
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Figure 1.2: Adapted from [55] (left side) and [54] (right side). Comparison of theoretical

predictions for the energies of molecular states with respect to magnetic field. On the

left side the energies of pairs of colliding atoms are shown as dashed lines, labeled as a

sum of the constituent states of atoms; energies of molecular states are labeled as small

letters in brackets. On the right hand side the energies of pairs of free atoms are shown as

dashed lines with solid lines representing the energies of the bound states. Capital letters

represent the molecular states that can be achieved by rf-association. The relative and

absolute strengths of the atoms-molecule coupling resonances have also been calculated

for a 3.23 G trap.
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The appeared photon has a momentum that leads to the selection rule for the transition

∆mF=±1 (π-transitions with ∆mF=0 are also possible but they are not of interest to us).

Each Zeeman level of the hyperfine splitting of 87Rb atom is commonly described by a

letter (Fig. 1.1). On the left side of Fig. 1.2 the authors show the energies of free atoms

(a sum of two letters) and molecules (two letters in brackets) versus magnetic field for

different combinations of constituent atoms. Atoms in initial states “c+g” are of particular

interest because they are widely used in magnetic traps. The authors of [54] use different

notations (right side of Fig. 1.2) which is explained in the table in Fig. 1.1. Energies of free

atoms are shown as dashed lines in contrast with molecular states, drawn by solid colored

lines with capital letters displaying the allowed transitions for the |1,−1〉+|2, 1〉 (c+g)

incoming channel. It is not easy to see because of the different units of energy but both

theories predict energies of magnetic states around the same values. In [54] the authors

have also calculated the exact energies of all molecular states for rf field amplitudes of

4 G and 10 G at 3.23 G of DC-magnetic field and given an assessment for the relative and

absolute strengths of the resonances by calculating the imaginary part of the scattering

length which is proportional to the two-body loss coefficient for the collisions of atoms in

different initial states (bottom right part in Fig. 1.2).

1.4 Thesis outline

This thesis starts with an introduction that gives a historical overview on the experiments

and theoretical work related to ultracold molecules. It also describes the direction of the

development of methods for creation and analysis of ultracold molecules and highlights rf

field spectroscopy as one of the most promising and accurate techniques.

The second chapter describes the experimental setup that is able to produce BEC of

87Rb on the chip. It covers different stages of cooling of 87Rb atoms in the high vacuum

chamber and observation of the BEC transition by absorption imaging. Implementation

of the new imaging camera, operating in kinetics mode, is a significant change in the

experimental apparatus which is why it is given much attention in Section 2.2. Different

auxiliary techniques such as creation of a two-component BEC, adiabatic passage, mea-

surements of trapping frequencies that have been used in the main experiment are also
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described in this chapter. The last section of the chapter is about the generation of strong

rf fields, which are necessary for rf-induced molecular associations.

Chapter 3 describes the methods that have been used for measurements of DC and

AC magnetic fields. Microwave spectroscopy, which employs transitions between Zeeman

levels of the hyperfine structure, is a widely used technique for the precise measurement

of the magnetic field. Analyzing the spectroscopy line shapes we have developed a theory

that gives a better understanding about the process of the resonant mw-coupling and the

broadening mechanisms which leads to smaller errors in magnetic field measurements. The

second part of the chapter contains the description of the method for the calibration of

the amplitude of the rf field. Theoretical predictions [54] and [55] for rf-induced molecular

associations have been made for rf field magnitudes larger than 1 G. This necessitated

us mastering high rf field generation as well as measurements of the radio-frequency field

amplitude.

Chapter 4 is the main part of the thesis, containing all the important experimental re-

sults. It starts with the description of the experimental conditions for the first observation

of rf-induced molecular association without the assistance of magnetic Feshbach reso-

nances, followed by the analysis of the observed rate of molecular association. The shapes

of the observed lines are analyzed in a similar way to the case of the mw-spectroscopy,

leading to an unprecedented ∼2 kHz precision in measurements of the molecular state

energies. In the last section of the chapter the experimental data for the energies of five

molecular states at different magnetic fields is compared with theoretical predictions [55]

and [54]. All the key ideas of the thesis are summarized in the conclusion, followed by the

appendices which serve as a repository for comments and equation derivations.



CHAPTER 2

Experimental setup

This experimental setup was described in PhD theses of previous students in our group [63],

[64], [65], [66]. The current chapter describes the every-day procedure of producing Bose-

Einstein condensates with detailed focus on recent improvements in electronic circuitry

for generating high power radio frequency electromagnetic fields on an atom chip [67].

Bose-Einstein condensation of dilute atomic gases occurs at extremely low tempera-

tures (typically a few hundreds of nano-Kelvins). To isolate 87Rb atoms from the room

temperature environment they are trapped in magneto-optical or magnetic traps within

an ultra-high vacuum chamber. Alkali atoms are in the first group of the periodical table

of elements and are particularly attractive for laser cooling and trapping because they

have only one electron outside a closed shell with strong s− p optical transitions. 87Rb is

currently the most common element for BEC production because commercial laser systems

with 780 nm wavelength are readily available.

2.1 BEC production on an atom chip

2.1.1 Mirror Magneto-Optical Trap (MMOT)

Each BEC production cycle starts with passing a current of 6.5 A for 10 s through a

dispenser that can release rubidium atoms in a chemical reaction at high temperatures [68].

As the dispenser is not isotopically enriched the composition of the rubidium vapours is
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determined solely by the natural abundances of the isotopes: 72% of 85Rb and 28% of 87Rb.

Rubidium atoms are initially trapped in a mirror-magneto-optical trap (MMOT) which is

created by a pair of water cooled quadrupole coils located outside of the vacuum chamber

and four red-detuned laser beams. The trapping laser is locked to the transition 52S 1
2
(F=2)

− 52P 3
2
(F′ =3) of 87Rb , so automatically addresses only one isotope. Frequency locking is

based on polarization spectroscopy with a double-pass acousto-optical modulator (AOM)

that allows the detuning of trapping light to be changed without affecting its coupling to

the fibre. The main MMOT laser beam passes through an additional single-pass AOM to

set the total detuning from the resonance equal to ∆fMOT = f1 - 2f2 = -18 MHz, [66],

where f1 and f2 are the frequencies of the single- and double-pass AOMs, respectively.

The total power of the trapping laser is chosen to be around 180−210 mW at the output

of the optical fibre before the splitting into four beams to form a MMOT. Each trapping

beam is mixed with repumper laser light tuned to the 52S 1
2
(F=1) to 52P 3

2
(F′=2) transition

in order to pump atoms that have spontaneously decayed into the dark F=1 state. The

fibre output of the repumper laser is typically 11.5 mW.

Rubidium atoms coming from the dispenser have an average temperature close to a

thousand Kelvin. For this reason the dispenser is located below the chip edge which

protects the growing cloud of cold 87Rb from fast atoms coming directly from the dispenser

(Fig. 2.1). The MMOT operates with large trapping beams diameters (∼45 mm) to yield

a high capture velocity from the low energy tail of the room temperature Boltzmann

distribution, aiming to trap atoms after contact with the walls of the chamber. The

dispenser is operated in a cyclical fashion being turned on to rapidly raise the Rb vapour

pressure within the UHV chamber, enhancing the MMOT loading rate to Rpeak ∼ 5·107

atoms/second. When turned off the dispenser rapidly cools (<2 sec) and the background

vapour pressure is reduced by two orders of magnitude allowing long lifetime magnetic

trapping. While these two counter running requirements can be achieved by Zeeman

slowers [69], chirp cooling methods [70], [71] or cold high flux atom sources [72], [73], this

single vacuum system approach remains quite simple and in this setup robustly captures

5 ·108 atoms within 10 seconds of MMOT stage. All untrapped atoms are quickly removed

from the vacuum chamber by a continuously working ion pump.
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Figure 2.1: Left: the atom chip. Over the electric wires on the chip there is a substrate with

a reflective gold coating used for MMOT creation. The silver wire on the white substrate

is the rubidium dispenser. Right: wires on the chip. The End-wire (blue) is used for

radio-frequency evaporative cooling. Magnetic traps are created by passing an electric

current either through a U- (upper right figure) or a Z-wire (lower right figure) together

with a homogeneous magnetic field BxLarge directed horizontally and perpendicular to the

central wire of the chip.

2.1.2 CMMOT, optical pumping and rf-evaporation in the Z-wire MT

The initial MMOT provides both cooling and trapping of the atoms from the vapors of Rb

at the same time and at the end of this first stage atoms are transferred to the compressed

MMOT (CMMOT). This process is realized by ramping down the current in the external

quadrupole coils with the simultaneous creation of a quadrupole trap on the atom chip

by ramping up the current through the U-wire (Fig. 2.1) and in the bias magnetic coils

BxLarge.

During the 50 ms CMMOT stage atoms are both radially compressed and translated

to a position below the atom chip where they can be magnetically captured. To improve
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Figure 2.2: BEC transition during two stages of evaporative cooling. Bottom pictures are

examples of absorption images (Section 2.2.1) and top pictures show their cross sections

through the centres in the horizontal direction. (a) shows cold thermal atoms at the end

of the first stage of evaporative cooling (22 MHz−650 kHz) in the trap with 0.7 G trap

bottom. During the second evaporation at 3.23 G the radio-frequency is logarithmically

swept from 2.4 MHz down to 2.29 MHz to end up with a cloud of a pure BEC (d). Pictures

(b) and (c) show intermediate conditions with bimodal distribution of the cloud profiles

for second evaporations 2.4 MHz−2.35 MHz and 2.4 MHz−2.295 MHz, respectively.

transfer to the magnetic trap a further 8 ms polarization gradient cooling (PGC) stage

is applied in a reduced radial B-field gradient and increased laser detuning ∼ −60 MHz.

This lowers the cloud temperature with little reduction in the cloud density or movement

of the cloud position.

In order to prepare BEC in the F = 1,mF = −1 state Rb atoms need to be transferred

into this state. Just after PGC the trapping light is turned off, followed by switching on

σ−− polarized optical pumping light (52S 1
2
(F=2) to 52P 3

2
(F′=2)) with a small fraction of

π− polarized light, [65], [66]. The optical pumping beam and σ−− polarized repump laser

beam pump the atoms into the F=2, mF = −2 state during 1.5 ms after PGC, followed

by closing of the repump laser shutter. The optical pumping laser remains on for another

0.5 ms and pumps the atoms into F = 1,mF = −1. Immediately after this, the currents

through the Z-wire on the chip and the BxLarge and BySmall coils are ramped up to create

a pure magnetic trap (MT) of Ioffe-Pritchard design [74], [75]. To purify the atom cloud
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in magnetic trap a 5 ms pulse of trapping light is applied to blow away atoms which had

remained in the F=2 state. This yields a typical starting condition for forced rf-frequency

evaporation of N = (5 − 8)·107 atoms.

A two-stage evaporation scheme is used to prepare a BEC in a magnetic trap with a

trap bottom of 3.23 G. Two stages must be used as the radial trap frequency is inversely

proportional to the minimum value of the magnetic field and this limits the maximum

trap bottom of the trap during first evaporation. In the first stage lasting 13 s the rf

is logarithmically swept from 22 MHz to 650 kHz while the MT is further tightened by

reducing the Z wire current. Before the second evaporation sequence the trap bottom is

ramped to its final value over 500 ms by applying a uniform field along the trap axis y.

This procedure limits movement of the magnetic trap minimum and sloshing of the final

cloud. The second rf evaporation runs over 4 s from 2.4 MHz to 2.29 MHz (Fig. 2.2).

2.2 Imaging system

One of the main reasons why Bose-Einstein condensates have become such popular quan-

tum objects to study is the convenience of using optical wavelength light for imaging the

wave function of BEC atoms. We use a cigar-shape magnetic trap in which the BEC

has an ellipsoidal shape with a typical Thomas-Fermi radius [76] of ∼ 5 µm in the radial

direction and ∼ 50 µm in the axial direction for a typical number of atoms (1 − 3) · 105

in a magnetic trap with a trap bottom of 3.23 G. The conventional imaging technique

is to use a laser light and observe either the fluorescence, absorption or phase contrast

(dispersive imaging) [77]. In this experimental setup the BEC wave function is imaged

by an absorption imaging technique after ballistic expansion with resonant laser light

(Fig. 2.3).

2.2.1 Absorption imaging

Efficient direct imaging of the BEC which is initially prepared in the |F = 1,mF=−1〉

state is not possible as the 52S 1
2
(F=1) manifold does not have cycling transitions. This

necessitates the transfer of the atoms into the F = 2 hyperfine level prior to absorption

imaging on the 52S 1
2
(F=2) − 52P 3

2
(F′=3) cycling transition. Two different methods of
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Figure 2.3: (I) Schematic representation of the imaging process: resonant laser light prop-

agates through the cloud of atoms towards the CCD camera. The image of the cloud is

magnified ∼ 3 times with the lenses used in the setup [65]. (II) Two sequential frames (a)

absorption and (b) reference are used to calculate the number of atoms in an absorption

image (c).

transfer have been used in this apparatus: repumping with laser light and mw adiabatic

passage. The first method consists of utilizing a repumper laser pulse of duration 2.6 ms

(part of this time is used for the laser shutter to open) just before the application of

the imaging 100 µs light pulse. It is crucial in this method to take an image just after

the transfer of atoms as they start expanding due to recoil energy from absorption and

spontaneous emission of photons. The second method employs mw adiabatic passage of

atoms from the initial state |1,−1〉 into |2,−2〉 during relaxation of the magnetic fields

forming the Z-wire trap (Section 2.6). As the mw adiabatic passage doesn’t transfer

sufficient momentum to heat up the cloud standard time of flight imaging can be used

with typical fall times of 20 ms.
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Resonant imaging is an inherently destructive process due to the momentum transferred

to the BEC in the imaging direction and the diffusive heating arising from spontaneously

emitted photons. An experimental cycle time of 65 s duration is achieved in the atom

chip apparatus which is chosen to limit slow poisoning of the vacuum by rubidium vapour

during daily operation. Typical BEC images are shown in Fig. 2.3 (II). Each frame is a

2D array of numbers which are proportional to the electric charge accumulated on each

pixel that occurred during the photogeneration process. Thus the counts at each pixel

are proportional to the number of impinging photons. The Princeton Instruments ProEM

512 CCD camera uses Peltier cooling to lower the sensors temperature down to −20 C

and reduce thermal dark counts. Screening of the low ambient light levels present in the

laboratory and mechanical shuttering of all laser beams is sufficient to eliminate the use

of background frame images, so only an absorption frame (Fig. 2.3 II (a)) and a reference

frame (Fig. 2.3 II (b)) are required.

Atoms present in the absorption frame reduce the intensity of the laser beam due to

the processes of absorption and re-emission the photons out of the imaging beam. The 3D

cloud is effectively projected onto the y-z plane as a shadow image (Fig. 2.3), from which

the number of atoms can be calculated from the differential Beer-Lambert law [78]:

dI(x, y, z)

dx
= −σn(x, y, z)I(x, y, z) (2.1)

where n is a number density that depends on x and σ is the absorption cross-section.

Integration of Eq. 2.1 over the probe propagation direction x (Fig 2.3 (I)) allows one

to calculate the intensity reduction due to the whole cloud for each pixel of the CCD:

nc(y, z) =

∫
n(x, y, z)dx =

1

σ
ln(

I0

I
) (2.2)

where nc(y, z) is the column density of the atoms in the absorption frame. Thus the total

number of atoms imaged by the part of the probe beam falling on a single pixel is equal

to

Npixel ∝ nc(y, z) ·A (2.3)

where A is the area of a pixel (in the case of a magnified cloud this quantity refers to the

area of the pixel in the object plane). The sum over all the pixels in the frame gives the

total number of atoms.
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Figure 2.4: Measurement of IS expressed in counts of the CCD camera. We make a series

of images of low density thermal clouds with varying intensity of the probe beam. Nobs

and W are defined in Eq. 2.6. The calibration yields IS = (8400 ± 1300) counts.

2.2.2 Measurement of saturation intensity

Equations 2.1 and 2.2 can be rewritten to take into account the dependence of the absorp-

tion cross-section on intensity (saturation) and detuning of the imaging light [79], [65]:

σ =
σ0

1 + I
IS

+ 4(∆
Γ )2

,

nc(y, z) =
1

σ0

([
1 + 4(

∆

Γ
)2

]
ln
I0

I
+
I0 − I
IS

) (2.4)

here Γ is the natural linewidth (for the D2 transition 87Rb it is equal to 2π·6.065(9) MHz),

∆ is the detuning of the laser light from the resonance and σ0 is the resonant cross-section

for which the calculated value for the D2 transition of 87Rb is equal to 2.9 · 10−13m2. The

saturation intensity IS can also be theoretically calculated and for a pure σ+ stretched

transition is 1.67 mWcm−2. However, this value is strongly dependent on the polarization

of the imaging light; for instance linear polarization yields IS = 3.05 mWcm−2 [80].

Imperfections of laser polarization affect the atom number calculation. Thus for a

particular imaging setup (CCD camera, lens setup, imaging pulse length, detuning of the
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Figure 2.5: Dependence of Nobs (blue), W
IS

(green) and total number of atoms N (red) on

the probe beam intensity, expressed in CCD counts. Taking into account IS significantly

decreases the sensitivity of N to the imaging laser intensity and improves the precision of

the atom number calculations.

probe beam) a measurement of the saturation intensity IS expressed in CCD counts must

be taken [65]. The number of counts in each pixel of the frame is designated as Iabs and

Iref for the absorption and reference frames, respectively, and they are proportional to the

intensity of the probe light. Following from equations 2.2, 2.3 and 2.4 the total number of

atoms can be calculated by summing over all pixels of the CCD chip:

N = Σy,xA · nc(y, z) =
A

σ0
Σy,x

(
(1 + 4(

∆

Γ
)2)ln

Iref
Iabs

)
+

1

IS

A

σ0
Σy,x (Iref − Iabs) ,

or W (Nobs) = N · IS −Nobs · IS
(2.5)

with the designations:

Nobs =
A

σ0
Σy,x

([
1 + 4(

∆

Γ
)2

]
ln
Iref
Iabs

)
, W =

A

σ0
Σy,x (Iref − Iabs) (2.6)

For large saturation intensities (
W

IS
→ 0) the total number of atoms is equal to Nobs,

whereas Nobs gives an underestimated number of atoms with the low probe intensities IS ,

which can be corrected by the addition of
W

IS
(Fig. 2.5). Equation 2.5 is used to measure
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the saturation intensity experimentally by taking a series of thermal cloud images with

varying intensity of the probe laser. The laser intensity, expressed in CCD counts, is

chosen to vary in the range 7400−28200 counts, averaged over all pixels in the reference

frame. According to Eq. 2.5 with a constant total number of atoms N in the series the

slope of the dependence W (Nobs) is equal to −IS . After calculating W and Nobs for each

image we measured IS = (8400 ± 1300) counts for the Princeton Instruments ProEM 512

CCD (Fig. 2.4).

This experiment was made with low-density thermal clouds in order to avoid strong

absorption saturation and with a large number of atoms to keep shot-to-shot atom number

variations within 10%. To make clouds with these properties atoms in the MT were quickly

cooled by one stage of evaporative cooling during 8 seconds with a logarithmic sweep of

rf-frequency in the range 22 MHz − 1 MHz. The repumper laser was used to transfer

atoms into the F=2 state before imaging after 20 ms time of flight.

In order to use IS it is sufficient to know its value in units of CCD counts. A measured

value of the saturation intensity significantly improves the accuracy of the atom number

calculations. Figure 2.5 shows the dependence of Nobs,
W
IS

and total number of atoms N ,

calculated for the taken series from Eq. 2.5 with the known value of IS . It is easy to see

that the total number of atoms is almost constant with a standard deviation from the

average of 8% while Nobs and W have notable dependencies on the probe intensity.

2.2.3 Kinetics mode imaging

The imaging setup of the experimental apparatus has been upgraded by the replacement of

the “old” Princeton Instruments PI-MAX 1024 CCD camera with a new model Princeton

Instruments ProEM 512. While the new camera has a smaller number of exposed pixels

(512 × 520) the significant reduction in time between two sequential frames (400 µs versus

1 s) results in a much improved image: fringing due to image laser vibration is essentially

eliminated. Kinetics mode operation [81] can be simply understood by considering the

masked nature of the full CCD chip whose actual size is 512 × 1040 pixels. Only half

of the chip can be exposed to light whereas the second half, which was masked during

manufacture, can be used as storage. Transfer of charge from the exposed pixels into the
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Figure 2.6: Imaging time diagrams for a) the full-frame mode and b) the kinetics mode.

Kinetics mode’s readout for both (absorption and reference) images starts after the second

frame which significantly reduces the time interval between two sequential frames (400 µs

instead of 1000 ms in the full frame mode).

storage pixels is a very fast process (0.6 µs per row), allowing the exposed pixel counts to

be zeroed (cleaned) ready for a second light exposure. Readout of the entire 512 × 1024

chip is a slow process (t∼2 s) which can only be made faster by reducing the area of interest

in software or by changing the readout rate which increases readout noise. This timing

sequence is shown in Fig. 2.6 (b) and can be compared with the old timing sequence used

in Fig. 2.6 (a). An additional benefit of kinetics mode is the increased laser power stability

between frames. This arises due to reduced thermal relaxation of the imaging laser AOM

during switch off as this period is significantly less than in previous arrangements.

In kinetics mode, shutters of the CCD and imaging laser open only once. The first

frame exposure starts after a 5 ms delay from the rising edge of the shutter signal to allow

both shutters to fully open. The ProEM CCD does not require a clean frame before the

absorption image as it is continuously cleaning pixel arrays in the absence of a trigger.

The exposure time is just 200 µs and the imaging AOM signal is programmed to be in

the middle of the exposure time (the exposure time is not important as long as it is

longer then the imaging pulse because the amount of imaging light is determined by the

AOM; however, it is kept reasonably short to reduce the noise from background light).
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Figure 2.7: Measurement of the camera pixel size in the object plane by varying the free

fall time of the cloud after switching off the magnetic trap. The experimental points (blue

circles) are fitted by a second order polynomial function (solid line) to extract the pixel

size from the known value of the free-fall acceleration g.

Immediately after the exposure time the whole first frame is shifted to the masked area of

the chip. The speed of this shift can be selected in the camera software and a typical shift

duration of the full frame is 400 µs. Background light as well as the imaging light that is

not completely extinguished by the AOM result in a very small vertical count gradient in

the second image as the CCD shutter is still open. Exposure of the second frame starts

just after the shift of the first frame and the second 100 µs imaging laser pulse is send

followed by closing the shutters. Readout of the full chip gives the number of counts in

both frames. The total time of the imaging is almost the same for both modes (kinetics

and the full frame mode in Fig. 2.6); however, the kinetics mode has the advantage of

minimizing the time between the exposures of the first and the second frames.



Imaging system 21

2.2.4 Size of the camera pixels in the object plane

After installation of the new CCD we measured IS in pixel counts (Fig. 2.4) and calibrated

the pixel size by varying the ballistic fall time (Fig. 2.7). Every pixel of the CCD chip

has dimensions 16µm × 16µm; however, the system of lenses magnifies the cloud by

approximately three times. The CCD-pixels’ size can be correlated with the area in the

object plane by a simple measurement of the position of the cloud centre for different

times during a free fall. In vacuum all bodies have the same acceleration of the free fall

g ∼ 9.81 ms−2 (in absence of other potentials than gravitational) so that the position of

the cloud can be determined from the kinematic equation:

z(x) =
g

2
t2 + v0t+ z0 (2.7)

Fitting of the experimental points by a second order polynomial function gives the

coefficient A in units of [pixel·s−2] in front of t2. During the experiment, shown in Fig. 2.7

the initial position of the cloud is outside of the field of view of the CCD camera and the

coordinate of the cloud centre is measured relative to the top line of the imaging frame

(as well as the time is shown relative to the moment the cloud enters the field of view

of the camera, which does not affect the the quadratic dependency and only changes the

velocity at t = 0). If k is the real size of the pixel in the object plane then from Eq. 2.7

kA = g
2 from which k = g

2A = 4.5±0.2 [µm/pixel]. This measured pixel size agrees very

well with the expected value, calculated from a rough estimation by dividing the physical

dimension of the CCD pixel by the magnification of the lens setup: 16× 150

500
= 4.8 µm.

2.2.5 Problems with short time between two frames

An additional technical issue of using the kinetics mode was the fact that during such

a short shift time between two frames the atoms do not leave the field of view of the

CCD camera. As a result the remnants of the exposed atomic cloud could be seen in

the reference frame. 400 µs is too short period of time for the atoms to be blown away

from the camera’s field of view, so the only solution is to make them insensitive to the

laser light. This can be achieved in several ways: detuning of the laser light, changing the

magnetic field to shift the atoms’ energy levels or transferring the atoms into 52S 1
2
(F=1)
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Figure 2.8: Dependence of the trapping frequencies of the Z-wire trap on the value of

the magnetic field at the trap bottom, predicted from Eq. B.17. Blue line is the axial

frequency, red is the radial one.

state. We chose the transfer method, for which during 400 µs of frame shift an optical

pumping laser is also applied (not directed to the camera), which pumps all the atoms

into the 52S 1
2
(F=1) state so they are no longer resonant with the imaging light.

2.3 Experimental measurements of the trap frequencies

The harmonic trapping potential determines the parabolic shape of the BEC cloud. Atoms

in a BEC occupy some volume in which the magnetic field is not uniform. This means

atoms in different parts of the cloud have a different response to microwave- and radio-

frequency fields. For this reason properly characterized experiment conditions improve the

understanding and interpretation of the experimental results. In the general case with the

presence of anharmonicity in the trap the frequency of the dipole oscillations depends on its

amplitude. This question was considered and analyzed in [65]. The main conclusions were

that the dipole-oscillation method gives an overestimated value for the radial frequency
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by 2π × 0.019 Hz and the correction for the axial frequency can be neglected.

To initiate dipole oscillations the position of the trap minimum is shifted and then

returned back to the initial position after some time. The position of the atomic cloud

centre is then registered after various holding times. The Z-wire trap is created by only

three working units: current through the Z-wire on the chip, BxLarge and BySmall coils.

The vertical position of the BEC depends on the relation between the current through the

central wire of the chip and BxLarge. To push the atoms in the z (vertical) direction the

current through the Z-wire is changed with a sinusoidal ramp by 0.5% for 3 ms and then

returned to its initial value during the same ramp time. The horizontal position of the

centre of the trap cannot be changed by homogeneous fields and is always in the middle

of the central wire due to the symmetry. To make a horizontal displacement a magnetic

field gradient in the y-direction needs to be applied. For this purpose one of the side-wires

on the chip (perpendicular to the central wire) is employed (Fig. 2.1,the other side-wire

is used as an rf antenna for evaporative cooling). Similarly to the vertical direction the

current through the side-wire is sinusoidally ramped up to a few amperes during 30 ms and

then switched off during the same time (time is chosen experimentally for good visibility

of dipole oscillations).

During dipole oscillations atoms move in the trap for only a few microns, which is

comparable with the resolution of our imaging system so there is little hope to be able

to see this shift in-situ. For this reason the cloud is imaged after 20 ms of time of flight

which converts the speed of the cloud during the dipole oscillations into its position ∆z

(∆y) on the imaging frame (explanation is in Appendix B.0.3) according to the equation:

∆z = 2v0t0 = 2wz0t0 (2.8)

A large time of flight allows to measure small variations of the cloud positions in the

trap. For instance with z0 = 1 µm and a trap frequency ωz = 2π · 100 Hz the maximum

speed of the cloud is 0.63 µm/ms and total difference of z-position for 20 ms time of flight

is 25 µm or 5.5 pixels.

In [65] trap frequencies were measured with a high precision for the trap with 3.23 G

at the trap bottom. In the current work during experiments trap bottoms of the magnetic

traps are varying in the range 0.15−3.23 G. For the analysis of the mw spectroscopy
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Figure 2.9: Experimental measurements of the trapping frequencies of the Z-wire magnetic

trap via dipole oscillations. Top picture is for the radial frequency; bottom is for the axial

one. a) 0.8 G at the trap bottom; b) 1.5 G at the trap bottom. Calculated frequencies

are summarized in Table 2.1.

and rf induced atom loss curves we need to know the trap frequencies over the whole

range; however, the measurements for each magnetic field would be too time consuming.

Equation B.17 gives reasonable estimates for the trap properties at 3.23 G, so we rely on

its predictions for traps with other trap bottoms. Figure 2.8 shows the trap frequencies

dependence on the value of the local minimum of the magnetic field. To test these predic-

tions the trap frequencies have been measured at two additional trap bottoms: 0.8 G and

1.5 G (Fig. 2.9). From a 2D image of the BEC there can only be extracted information

about the cloud movement in two independent directions: vertical z and horizontal y;

whereas the frequency ωx can only be accessed from the theoretical modeling of the chip,

such as Eq. B.17 in a rough approximation.



Distance from the cloud to the chip wire, gravity sag 25

ωz/2π,Hz (radial) ωy/2π,Hz (axial)
B, G

Exp. Theory Difference, % Exp. Theory Difference, %

0.8 176.3±1.1 191.9 8.8% 11.74±0.05 10.04 14.5%

1.5 131.3±0.3 140.1 6.7% 11.73±0.02 10.04 14.4%

3.23 98.25±0.05 99.1 0.9% 11.507±0.007 10.04 12.8%

Table 2.1: Comparison of the theoretical values for the trapping frequencies of the Z-wire

magnetic trap with experimental measurements via dipole oscillations for 0.8 G, 1.5 G

and 3.23 G at the trap bottom.

The experimental data in Fig. 2.9 was fitted by sine functions to extract the frequencies

of the dipole oscillations. The results are summarized in Table. 2.1. The analytical theory

of Appendix B.0.1 produces predictions within the 10% for the actual radial frequency

and underestimates the axial frequency by up to 15%. These deviations most likely come

from the approximation of infinitely thin wires, ignoring the real rectangular cross section

(1×0.5 mm2) of the wires and proximity of the cloud location to the wires (z0 ∼ 1.2 mm

for B0 = 0.8 G). We did not know the exact value of the magnetic field gradient G and had

to use estimated values for Eqs. B.17 for different trap bottoms. This most likely leads to

the different sign of the deviations as the radial frequencies and the axial frequency has

different scaling with G (Eqs. B.17). More precise numerical calculation of the frequencies

and the effect of unharmonicity of the trap has been described in the thesis of the previous

student [65].

It is also important to mention that the measured invariance of the axial frequency with

respect to the magnetic field at trap bottom is described correctly so that the maximum

relative deviation of the trap frequency ωy is within 2%.

2.4 Distance from the cloud to the chip wire, gravity sag

Previously in Section 2.3, z0 ∼ 1.23 mm was used to calculate the trapping frequencies

in Eq. B.17 and Table 2.1. To estimate this value a simple experiment has been per-

formed with imaging the cloud of thermal atoms in situ, i.e., without time of flight. The
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Figure 2.10: Measurement of the distance from the cloud to the current carrying central

part of the Z-wire. We plot relative positions of the cloud centre, measured by in-situ

imaging, for different values of the current through the chip wire.

experiment has been repeated with different currents through the Z-wire, monitoring the

position of the cloud centre in the image. According to Eq. B.4 the position of the trap

depends linearly on the current in the wire.

The experimental results are plotted in Fig. 2.10. The data is fitted very well with a

straight line and from the slope it is calculated that for the usual conditions (I = 12.62 A)

the BEC is located 1.23±0.02 mm below the central wire. The fitting line in the figure

doesn’t go through zero because the field of view of the CCD-camera is limited, so the

position of the cloud was measured relative to the top line of the image. The vertical

coordinate of the cloud centre in pixels was determined from gaussian fitting of the atoms

in the trap and then converted into mm from the known pixel size.

In general the position of the BEC cloud is determined not only by the magnetic

potential only but also by gravity. The gravitational potential energy decreases as atoms

move lower i.e., further away from the chip surface. If the atom interactions with each

other are not considered (they do not change the trap position), the total energy of an
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atom is equal to (from Eqs. B.15, B.14 and B.17):

E = EM + EG = µB · gF ·mF · |B| −mgz =[
E0 −

m2g2

2ω2
z

−mgz0

]
+
mω2

xx
2

2
+
mω2

yy
2

2
+
m

2
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z
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ω2
z

])2
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mω2
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2
+
mω2
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2

2
+
mω2

z

(
z −

[
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])2
2

(2.9)

where E0 = µB · gF ·mF ·B0 (Eq. B.20 in Appendix). The gravitational potential energy

has a minus sign because the z-axis is directed vertically down. Comparing this result

with Eq. B.17 the presence of gravity does not change the trapping frequencies but only

shifts the centre of the trap down by the value zg which is called the gravity sag.

zg =
g

ω2
z

(2.10)

Gravity sag is important because clouds of atoms with different magnetic moments (for

example in two internal states) experience different trapping potentials that affects their

shapes and positions. However, in the experiments in the current work we use atoms in

two internal states, F=1, mF = −1 and F=2, mF = +1, with almost the same magnetic

moments and assume a perfect overlap of the clouds. Due to gravity sag the magnetic

field at the center of the cloud is different from the minimum of the Z-wire magnetic trap,

so the atoms start to respond to a different resonant frequency as well as the magnetic

field becoming less uniform along the finite size of the cloud. From Eq. B.14 the value of

the magnetic field at the centre of the new trap position can be calculated as:

∣∣B(0, 0, zg)
∣∣ = B0 +

G2

2B0
z2
g = B0 +

G2

2B0

g2

G4 µ2
B

4m2B2
0

= B0

(
1 +

2m2g2

µ2
BG

2

)
(2.11)

where G =
µ0I

2πz2
0

is a gradient of the magnetic field in vertical direction in the vicinity of

the minimum magnetic field value of the Z-wire trap B0.

From Eq. 2.9 it follows that zg ∼ 25 µm for the 3.23 G magnetic trap. Gravity sag

gives a correction to Eq. B.4 for the vertical position of the cloud in the trap. However,

this modification is within 2% for the largest trap bottom in our experiments, 3.23 G, and

even less for the smaller trap bottoms. The uncertainty of the described method of z0

measurement is comparable with the calculated gravity sag, so 1.23±0.02 mm is a reliable
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Figure 2.11: Preparation of a two-component BEC in states F=1, mF=−1 and F=2,

mF=+1 by a two-photon (mw+rf) transition.

value for z0. Equation 2.11 allows to calculate the magnetic field at the centre of the cloud

which is called the trap bottom value in this thesis (the bottom of the whole trap at the

location of the atoms) and is different from the minimum value of the magnetic field. The

largest difference between these two values of magnetic field in our experiments reaches

40 mG at the 3.23 G trap.

2.5 Two-component BEC

We study the association of molecules initiated in collisions of 87Rb atoms prepared in two

different internal states. The molecule production rate increases with the atom density, so

it is beneficial to employ 87Rb Bose-Einstein condensates (rather than non-degenerate ul-

tracold atoms) prepared in two hyperfine states (the two-component BEC) with moderate

densities (n0 ∼ 1014 cm−3) that can co-exist with lifetimes of several hundreds milliseconds.

It is convenient to generate BECs of 87Rb atoms in so-called stretched states - either F=1,

mF=−1 or F=2, mF=+2. Atoms in these states can be held in magnetic traps for tens

of seconds due to the absence of losses from two-body collisions. In our experiment the

atoms in the F=1, mF=−1 stretched state are used for the creation of the initial BEC
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which then coupled with the second state F=2, mF=+1 to create a superposition of states.

Standard tools for coupling hyperfine states in ultracold atoms are microwave and

radio-frequency dipole transitions. For two chosen internal states the difference of the

projection of the total angular momentum ∆mF is equal to 2, so the transfer of the atoms

cannot be made with a one-photon transition. Instead a two-photon transition |F = 1,mF

= −1〉 → |F = 2,mF = +1〉 is used with mw and rf radiation (Fig. 2.11). Measurements

of the single-photon Rabi frequencies Ωmw and Ωrf have been described in the thesis [65].

The order of mw and rf couplings can be chosen arbitrarily ( [64]) and we chose the mw

coupling on the |F = 1,mF = −1〉 → |F = 2,mF = 0〉 transition and the rf coupling on

the |F = 2,mF = 0〉 → |F = 2,mF = +1〉 transition. However, at low magnetic fields

such as those we work with, the Zeeman splittings of the energy levels within a hyperfine

state are almost the same, so the resonant rf pulse would populate all the Zeeman states,

leading to poor transfer efficiency and a huge atom loss. To avoid this problem instead of

the application of the resonant radiation both mw- and radio-frequencies are shifted by

the same value ∆ and applied at the same time. The appropriate choice of the detuning

(∆� Ωmw, Ωrf ) favours the direct transfer of atoms to the |F = 2,mF = 1〉 state without

populating the intermediate |F = 2,mF =0〉 or |F = 1,mF = 0〉 states. Detuning from the

intermediate state decreases the two-photon Rabi frequency Ω2ph but should be chosen

relatively high to avoid loss of atoms. In our typical experimental conditions (Bdc =

3.23 G) we use 988 kHz detuning with a two-photon Rabi frequency Ω2ph = 2π×1 kHz.

2.6 Adiabatic passage

The imaging laser is locked to the cycling transition 52S 1
2
(F=2) − 52S 3

2
(F=3), so in order

to image the atoms in the F=1 state they need to be transferred into the F=2 manifold

first. Depending on the particular application, in our experiments two methods are used:

by applying a repumper laser pulse just before the probe beam or by mw adiabatic transfer

of the atoms into one of the Zeeman levels of F=2 prior to the imaging.

The repumping transfer method is used in the mw spectroscopy measurements (Sec-

tion 3.2). Working in exactly the same way as during the MMOT stage of laser cooling

(Section 2.1.1) the repumper laser effectively transfers all the atoms from 52S 1
2
(F=1,
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Figure 2.12: During adiabatic passage the mw frequency is kept constant with sweeping

of the DC-magnetic field. In this process the detuning ∆ changes from a positive value

(a) through the resonance to a negative value (b). Atoms in the F=1, mF = −1 state

adiabatically follow the |−> dressed potential and undergo a transition into the F=2,

mF=−2 bare state (c).

mF=−1) into 52P 1
2
(F=2) hyperfine levels. However, the population of a particular Zee-

man state of the F = 2 manifold can not be controlled, so the atoms will be distributed

among all Zeeman sublevels. Also with this method atoms in two states, F=1, mF=−1

and F=2, mF=+1, cannot be spatially separated in the image. The atoms remain in their

initial states during time of flight and can’t be separated by a Stern-Gerlach kick as the

magnetic moments of the atoms in the two states are almost the same.

In the second method the atoms from the state F=1, mF=−1 are transferred into one of

the Zeeman sublevels of F=2 and a magnetic field gradient separates the two clouds with

different moments during free fall of the atoms. By a one-photon resonant mw transition
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(Fig. 2.12 (a)) atoms can be selectively transferred into mF=−2, mF=−1 or mF=0 states

of the F=2 level (selection rule is ∆mF = 0, ±1). In the current experimental setup we

use the rapid adiabatic passage technique to transfer atoms into the F=2, mF=−2 state.

There is an important difference between the adiabatic passage and the resonant trans-

fer techniques. If radiation that is resonant to a particular splitting of the energy levels is

applied, the atoms start oscillations at the Rabi frequency between the two states. In order

to transfer 100% of the atoms into one of the states one needs to control very precisely the

matching between the mw frequency, magnetic field and duration of the radiation pulse.

During adiabatic transfer the microwave frequency is kept constant and the magnetic field

is swept through the resonance from blue-detuned at the beginning to red-detuned at the

end. This process is very robust and allows to transfer of up to 99% of the atoms into the

desired state. Adiabatic following transfer is based on the adiabatic theorem [82], [83]. It

has been well-known for many years and used for trapping atoms in time-orbiting poten-

tial (TOP) traps which was also used in the first experimental demonstration of BEC [1].

Adiabatic passage was implemented in our system by one of the previous students in our

group, Russell Anderson, who also analyzed this process in his thesis [64].

The two-level crossing problem was solved in 1932 independently by four groups. The

eigenstates of the time-dependent Hamiltonian are the so called dressed-states |+> and

|−>. The intersection of two initial energy levels becomes an avoided crossing when the

coupling is switched on. Figure 2.12 illustrates the process of adiabatic passage in our

system. Atoms begin in the state |−> and during the adiabatic sweep of the magnetic

field remain in the same state after crossing the resonance. But at negative detuning the

state |−> corresponds to the F=2, mF = −2 bare state i.e., in the initial basis atoms have

made a transition into the other state.

In our system the sweep of the detuning is realized by a decrease of the magnetic field

for a constant mw frequency which keeps the same value 6.831430031 GHz as during the

two-photon transfer. After turning off all switches to release the BEC from the trap the

currents through magnetic coils do not disappear instantly. For the largest coils Bxlarge

the magnetic field takes about 10 ms to decay. However, this feature is used to perform

the adiabatic passage. 6.6 ms after releasing atoms from the magnetic trap a mw pulse
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is applied for 3 ms transferring all the atoms from F=1, mF = −1 state into F=2, mF =

−2 one. Exact values of the mw frequency, the time between switching off trapping fields

and the application of the mw pulse as well as the value of the additional magnetic field

in the y-direction (generated by ByEarth coils) are subjects for empirical optimization for

different magnetic traps. In experiments with two-component BECs after the adiabatic

passage a Stern-Gerlach kick is applied by passing current through the Z-wire on the chip

for 0.5 ms producing a magnetic field gradient. Then the atoms continue to free fall and

get spatially separated due to their different velocities at the end of the kick, so that on

the image shadows of the two clouds can be seen. A typical distance between the two

clouds during imaging is ∼700 µm.

2.7 Magnetic noise

The resonant magnetic dipole transition frequencies of atoms depend on the modulus of

the total magnetic field. The Zeeman levels of the ground state split in accordance with

the Breit-Rabi formula (Eq. 3.14). Magnetic noise plays an important role and affects the

precision of the measurements of the resonant frequencies which couple different energy

levels. In magnetic traps (Section 2.3) the total magnetic field is directed along the y-

axis and in our experiments is in the range 0.14−3.30 G. The magnetic noise amplitude

is of the order of a few mG so the fluctuations of the magnetic field along the x and z

directions do not lead to a significant change of the modulus of the total magnetic field.

However, the magnetic noise along the y-axis leads to a broadening of the transitions

during measurements. For instance 1 mG noise amplitude leads to approximately 0.7 kHz

uncertainty in the transition |1,−1〉−|2, 0〉.

Preliminary measurements of the magnetic noise led to a conclusion that the power

supplies used in the experimental setup are the main sources of the field fluctuations

both in the laboratory and inside the vacuum chamber. On the contrary, the magnetic

coils which are used for generation of the magnetic field during the experiment produce a

stable magnetic field with the variations of the current through the coils only in the fifth

significant digit. To characterize the upper value of the background magnetic noise the

magnetic field magnitude has been measured in the laboratory close to a working power
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Figure 2.13: (a) Random fluctuations of the projection of the background magnetic field in

a chosen direction, measured by the Stefan Mayer fluxgate magnetometer ”Fluxmaster”.

Data is recorded with 16.5 Hz frequency and is expressed in volts that are proportional to

the magnetic field. The histogram of the data (b) can be well approximated by a gaussian

distribution (c) around the mean value 5.33 mV and RMS width 0.83 mV.
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supply without running of the experimental apparatus. During the data taking procedure

the ”Fluxmaster” fluxgate magnetometer was recording the projection of the background

magnetic field along a chosen direction every 60 ms (Fig 2.13 (a)). Integration time of

the magnetometer is less than 1 ms and the sampling time was chosen to observe a field

magnitude fluctuation and a drift during tens of minutes rather than to investigate the

bandwidth of the magnetic noise. Analysis shows that the data can be approximated by

a Gaussian distribution

f(x) = A · e−
(v−vc)2

2∆2 (2.12)

with the mean value vc = 5.33 mV, and ∆ = 0.83 mV. During this experiment the DC

offset produced by the Earth’s magnetic field is mostly compensated by one of the By coils

to enable use of the smallest fluxgate scale. The measured magnetic field is fluctuating

with FWHM = 2
√

2 ln 2×0.83 = 1.95 mV (Fig 2.13 (c)), which leads to approximately

2 mG of FWHM uncertainty in the magnetic field according to the calibration of the

magnetometer.

2.8 Strong rf field generation

Theoretical papers [54], [55] have predicted the appearance of Feshbach resonances in

87Rb at large values of radio-frequency radiation (Brf ∼ 4 G). It is a challenging task to

generate such strong rf fields that can force colliding atoms to form a molecule. In our

experimental setup the BEC is trapped in a vicinity of the local minimum of the magnetic

field at a distance ∼ 1 mm from the current-carrying wire of the atom chip. In such a

configuration the small distance to the wire is a big advantage as the magnetic field decays

with an r−1 dependence from the wire or with an r−2 dependence from the antenna.

The first challenge was to realize passing DC and AC currents through the same wire at

the same time. This was done by using an AC-DC decoupling scheme with two capacitors

in the rf supply circuit to block the DC-current and two massive inductors in the DC

circuit to block the AC current (Fig. 2.14). Theoretically, the described decoupling scheme

should work perfectly but in practice some AC-current still leaked into the DC-switches.

The problem was solved only by installing low-pass filters in every switch that is used

during the application of the strong rf fields. The voltage on the gates of all the IGBTs
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Figure 2.14: To pass AC and DC currents through the same wire we introduce capacitors

CC to block the DC current from coming into the high rf field generation circuit and

inductors LC to stop AC current from leaking to the switches controlling the magnetic

trap fields.

inside the current controllers that must be off during the rf is set −10 Volts to isolate

them completely.

After the rf field characterization (Section 3.3) it appeared that our strongest rf fields

were more than order of magnitude lower than was necessary to satisfy the condition

(Brf ∼ 4 G) of the theoretical predictions. The strength of the rf field was significantly

increased via impedance matching between the rf amplifier and the load. However, even

the theoretical maximum current still would not give sufficient rf power. The solution came

with implementation of an rf transformer in the circuit in combination with impedance

matching. Transformer theory and transmission line equations allowed us to understand

and optimize the performance of the rf circuits and increased the strength of the rf field for

different frequency tuned circuits. With these improvements we succeeded in generating

of strong rf fields with an amplitude of up to 6 G.
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VS

Vin
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Rin

a*Vin
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RL

Source Amplifier Load

Vout

Figure 2.15: Equivalent circuit of impedance matching between an rf generator, an am-

plifier and a load, adapted from [84]. Impedances RS , Rin and Rout are assumed to be

purely resistive which corresponds to the specification of our signal generators SRS 345

and TTi TG4001 and power amplifiers OPHIR 5303055.

2.8.1 AC-current maximization and impedance matching

In our experimental setup we use SRS 345 and TTi TG 4001 function generators as a

source of rf signal. The signal goes to a power amplifier first and then to a chip load

circuit. To understand the processes that are going on in the circuits we consider that all

the wires are short at first. Using the method of Thevenin and Mayer-Norton equivalents

[84], [85], [86], [87], [88] each linear element of such a circuit can be drawn as a voltage

source in series with a resistance, as shown on Fig. 2.15. All the elements in our circuit

are linear as they do not change the frequency of the signal but only change its amplitude

and phase. The power absorbed by the input resistor of the amplifier is

Pin =
V 2
in

Rin
=

V 2
SRin

(RS +Rin)2
(2.13)

where V 2
in is the time-averaged voltage. The power transmitted to the load is

PL =
V 2
out

RL
=

( aVinRL
Rout+RL

)2

RL
(2.14)
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and the power gain can be written

Gp =
PL
Pin

=
a2RinRL

(Rout +RL)2
(2.15)

where a is the amplifier voltage gain. The voltage gain can be obtained in a similar way:

Gv =
aRL

(Rout +RL)
(2.16)

So Gv is proportional to Gp and for a matched circuit Gv can be calculated from the

Gp given in the amplifier specification. From Fig. 2.15 additional information about the

source can also be extracted. According to the specifications of the function generator

SRS 345 the output impedance RS is 50 Ω and the generator is designed to be used with

a load of 50 Ω. From this it follows that when the source is set to generate a particular

output voltage, VS generates a constant doubled value of this voltage which is equally

divided between RS and the 50 Ω load. In the case when the load value is not 50 Ω but

some Rload the output voltage will be equal to Rload
RS+Rload

VS . According to Ampere’s law

the AC-magnetic field is proportional to the current through the atom chip wire, so our

prime goal is the maximization of the current amplitude at the load (to be precise, at the

end of the transmission line).

However, for frequencies of ∼ 20 MHz it becomes important to take into account the

influence of connecting cables. At these frequencies BNC cables act as transmission lines

and the signal reflection and line characteristic impedance should be taken into account.

The propagation of a signal in transmission lines is analyzed in Appendix C.0.5, so that

the voltage and current amplitudes at the load (Eq. C.12) are equal to
|VL| = |VS |

2 (1 + 2|γ|cosφ+ |γ|2)
1
2 ,

|IL| = |VS |
2Z0

(1− 2|γ|cosφ+ |γ|2)
1
2

(2.17)

where |VS | is the amplitude of the generator signal in Vpp and γ = |γ|eiφ = ZL−Z0
ZL+Z0

is called

the voltage reflection coefficient with the load impedance ZL and Z0 being the output

impedance of the generator and the characteristic impedance of the transmission line,

respectively.

The purpose of the impedance matching is minimization of the reflected power from the

transmission line and the load, i.e., γ=0 or ZL = Z0. As follows from Eq. 2.17, in this case
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the current amplitude is equal to |VS |2Z0
. However, it is easy to see that in the case ZL = 0,

γ = −1, φ = π and from Eq. 2.17 |IL| = |IL|max = |VS |
Z0

. So despite zero transferred power

to the load, the current at the end of the transmission line has its maximum value. This

is exactly what is wanted as Brf is proportional to the current through the chip wire. It

is interesting to note that in this case all the power is reflected back from the load and

is in theory fully absorbed (instead of being reflected again) by the output resistor of the

generator (or amplifier in our experiment) if RS (Rout) is matched to the transmission

line.

We use this type of connection in the rf driven evaporation circuit at the final stage of

our BEC production by passing rf current through the end-wire (Fig. 2.1). The advan-

tages of this setup are simplicity and a broad range of working frequencies (as we sweep

the rf frequency during evaporation). The issue here is that our load at the end of the

transmission line is not exactly just a short wire on a chip but a bundle of pins connected

to the chip by a set of parallel wires ∼ 15 cm long. Ohmic resistance of such a load is

negligible; however, its reactive part cannot be neglected. Thus it is a good approximation

to consider that the rf evaporation circuit has a purely inductive load.

Instead of using the end-wire as in the evaporative cooling circuit to produce the high

power rf field we exploit the U-wire on the chip because the central part of the U(Z)-wire

is the closest to the atom cloud. DC currents in the U-wire are used for the compressed

MMOT and in the Z-wire for the magnetic trapping. During the molecular association

experiment a DC-current for trapping the atoms and an rf current are passed through the

same wire at the same time. To decouple these two circuits two capacitors (one for the

each side of the U-wire) are included in the rf supply circuit to block the DC-current and

two massive inductors are placed in the DC-circuit to block AC-current.

To measure the impedance of the chip wire an oscilloscope is connected parallel to the

load in the circuit in Fig. 2.16 for the purpose of measurement of the frequency dependence

of the voltage at the end of the transmission line. The oscilloscope channel is set to 50 Ω

input resistance to match the characteristic impedance of the BNC cable which connects

the scope to the circuit and so that the signal on the scope is always equal to the voltage

at the end of transmission line. However, the presence of the scope adds a 50 Ω resistor
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Figure 2.16: Rf generation circuit with a capacitor on each side of the chip wire to decouple

the DC-current from the AC-circuit. The oscilloscope is connected parallel to the load for

the measurement of the chip wire impedance.

in parallel with the initial load iwL − 1
wC i = iX, so that ZL = Z0iX

Z0+iX . Using Eq. 2.17

the expressions for the amplitudes of the voltage and current at the oscilloscope can be

rewritten (Appendix C.0.6): 
|VL| = |VS |

2

√
1− Z2

0

Z2
0+4X2 ,

|IL| = |VS |
2Z0

√
1 +

3Z2
0

Z2
0+4X2

(2.18)

In Fig. 2.17 the experimental data is fitted by Eq. 2.18. To obtain the experimental

data the rf generator was set for an amplitude of 100 mV (for which |VS | = 200 mV) and

the amplitude of the signal on the oscilloscope was measured for different frequencies. The

best fit with fixed Z0 = 50 Ω and C = 0.5 µF gives the value L ∼ 0.4 µH. This corresponds

to approximately 60 Ω for the total impedance of the chip circuit at 25 MHz.

The reactive inductive impedance X = iwL can be compensated by introducing an ad-

ditional capacitor in series with the chip wire. In this case the minimum circuit impedance

is frequency dependent, so the capacitor value has to be tuned every time to have maxi-
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Figure 2.17: Measurement of the inductance of the chip wire. We measured the signal

amplitude on an oscilloscope for the electric circuit shown in Fig. 2.16 for different fre-

quencies while keeping a constant 100 mV output amplitude. Experimental data (dots)

are fitted by the theory (solid line).

mum current at the desired frequency. With such a modification Brf can be significantly

increased but the circuit is not matched and in practice the reflected wave causes a lot of

instabilities in the switches that are controlling currents in the magnetic coils during the

experiment. To overcome this issue we install an rf transformer which helped to reach two

goals at the same time: matching of the circuit impedance to minimize the reflected wave

and increasing the current through the chip wire.

2.8.2 Rf transformer

An rf transformer is an ordinary transformer with a small number of turns in each winding.

Rf transformers are usually used for matching transmission lines with different character-

istic impedances (Fig. 2.18 (a)). According to the basic principles of transformer operation

an oscillating voltage V1 on the left (primary) windings of transformer creates a changing

magnetic flux in its core which induces a periodic voltage V2 in the secondary windings.

In an ideal case (no wire resistance, no magnetic flux losses) it can be written V1
V2

= N1
N2

.
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Figure 2.18: a) The rf transformer matches two lines with different characteristic

impedances. b) In our setup the 5 turns of the rf transformer primary windings are

connected to the end of transmission line whereas a single turn of the secondary windings

goes to the chip circuit.

Also energy flows from the first transmission line into the second line with no losses, i.e.,

V1I1 = V2I2 for their apparent values of current and voltage. As a result the ratio of

currents in the transformer windings is inversely proportional to the ratio of its turns

I1
I2

= N2
N1

. Also, for the matched case (no reflected wave) it can be written that Z1,2 =
V1,2

I1,2
,

so Z1
Z2

= (N1
N2

)2. According to Eq. 2.17, in the matched case γ = 0 from which the current

amplitude is |IS | = |VS |
2Z0

. Comparing the amplitudes of the currents for matched cases with

and without the rf transformer leads to:

|I1| =
|V1|
2Z1

,

|I2| =
|V2|
2Z2

=
|V1|
2Z2

N2

N1
=
|V1|
2Z1

N2

N1

(
N1

N2

)2

=
N1

N2
|I1|

(2.19)

Thus Eq. 2.19 demonstrates that the decrease of resistance has a stronger effect than the

drop of voltage and thus a step-down rf transformer helps to increase the current in the

secondary circuit by a factor of N1
N2

.
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It is also interesting to compare the current amplitudes for the two cases: the matched

case Eq. 2.19 with rf transformer and the mismatched case without transformer but con-

necting the same smaller impedance ZL = (N2
N1

)2Z1 as a load in the first line:

γ =
(N2
N1

)2Z1 − Z1

(N2
N1

)2Z1 + Z1

=
N2

2 −N2
1

N2
2 +N2

1

(2.20)

This is a real negative number which means that cosφ = -1. Noting that |γ| =
N2

1−N2
2

N2
2 +N2

1
as

N2 ≤ N1, from Eq. 2.17 it follows that:

|IL| =
|V1|
2Z1

(1 + |γ|) =
|V1|
2Z1

(
2N2

1

N2
1 +N2

2

)
(2.21)

Comparing Eq. 2.19 with Eq. 2.21 gives:

|I2|
|IL|

=
N1

N2

(
N2

1 +N2
2

2N2
1

)
=
N2

1 +N2
2

2N1N2
>

N1

2N2
(2.22)

In conclusion, the rf transformer gives an advantage in current amplitudes when the ratio

of the number of turns in the windings is more than two.

In our experiment we use a commercial step-down rf transformer with 5 turns in the

primary winding and a single turn in the secondary winding (Fig. 2.18 (b), there is no

second transmission line but the load, ideally matched with the second transmission line,

is equivalent to a direct connection of the load to the secondary windings of the trans-

former). In Appendix C.0.7 there is a brief theory of the rf transformer operation that

supports Eq. 2.19 and leads to the conclusion that to achieve matching conditions the load

impedance ZL should satisfy:
x = Re(ZL) = L2

L1
R0 =

N2
2

N2
1
R0,

y = Im(ZL) = 0

(2.23)

According to Section 2.8.1, from Fig. 2.17 the chip wire load behaves as an inductive

impedance. Thus in order to satisfy conditions in Eq. 2.23 an additional capacitor C and

resistor R =
N2

2

N2
1
R0 should be introduced in the secondary circuit of the rf transformer

(Fig. 2.19). Additional AC-DC decoupling capacitors CC are used at both sides of the

connection to the chip wire, similar to Fig. 2.16. By varying the capacitor C the total
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Figure 2.19: Scheme of connections for matching a chip-circuit to a chosen frequency by

varying the capacitor C. We record the amplitude of the signal on an oscilloscope for a

range of frequencies.

reactive part of the load is nullified: (Lw − 1
wCT

) = 0, where CT is the total capacitance

of the three capacitors C, CC and CC in series.

From Eq. 2.23 it is clear that the load can only satisfy matching conditions for a specific

frequency, so if we are interested in different frequencies we need to tune the circuit for

each of them. We developed a simple method of tuning the circuit to have a matched load

over a specific frequency range. Similar to the case of the previously described method

of chip-wire inductance measurement (Fig. 2.16) a 50 Ω oscilloscope channel is connected

parallel to the end of the transmission line (also parallel to the primary windings of our rf

transformer (Fig 2.19)). For such a connection the theoretical dependence of the voltage

on the oscilloscope for different frequencies is derived in Appendix C.0.8, which predicts:

|Vscope| =
|Vs|
2

√
(2L0N2

1ωx)2 + (2L0N2
1ωy)2

(xR0 − 2L0N2
1ωy)2 + (yR0 + 2L0N2

1ωx+ L0N2
2ωR0)2

(2.24)

where L0 is the inductance of a single turn of rf transformer windings, ω = 2πf is the rf

angular frequency and x and y denote the real and imaginary part of the impedance ZL,
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Figure 2.20: Example of a typical signal on the oscilloscope for a connection as in Fig. 2.19.

Points are the experimental data and the line is the theoretical fit using Eq. 2.24.

respectively.

The oscilloscope signal amplitude is recorded with a 50 kHz frequency step for 100 mV

of the signal amplitude on the generator (in this case |VS | = 200 mV) and then Eq. 2.24

is used to fit the measured points with the known values of L0 = 2 µH, N1 = 5, N2 =

1, R0 = 50 Ω and free parameters VS , x, L, CT (y = Lw − 1
CTw

). Figure 2.20 shows the

dependence of the oscilloscope voltage on frequency for the chip-circuit tuned to 25 MHz.

The signal amplitude stays equal to |VS |2 for all the frequencies except in the vicinity of the

resonance, where it has a minimum that is equal to |VS |3 for the matched case (Eq. C.46).

This behaviour is caused by the dominance of the reactive part of ZL away from resonance,

so that the total impedance becomes greater than the 50 Ω of the oscilloscope channel.

This frequency selectivity acts as an additional filter in our experiment that blocks all

other rf harmonics; however, it has the drawback of the need to change the capacitor for

almost every experimental point during the molecule association measurements.

The shape of the curve can be changed by varying the capacitor C to shift the resonant

frequency and the resistor R for the voltage amplitude at the minimum (they both are
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Figure 2.21: Electric circuit of a current controlling switch that we use in our experiments.

Red elements were implemented to ground high frequency noise. Blue values are for Z-wire

switch and red ones are for BxLarge coils controller.

parts of the ZL in Fig. 2.19). The best fit for a particular set of C and R, shown in

Fig. 2.20, gives the following parameters: |VS | = 195 mV, x = 2.13 Ω, L = 0.46 µH, CT =

88 pF, which is in good agreement with the previously measured L = 0.4 µH and nominal

value of 80 pF for the soldered set of capacitors (100 pF in series with 1 µF, in series with

1 µF, in series with 270 pF being in parallel with 82 pF).

The matched load minimizes the rf noise in our system associated with the reflected

wave. However, to be able to perform the experiments with such high power radio-frequency

it was also necessary to add low-pass filters into our home-made current controllers. Fig-

ure 2.21 shows the electrical circuit that is used to stabilize the current through the load

ZL which can be a magnetic coil or a chip wire. The values of the filtering capacitors were

chosen experimentally as a compromise between filtering quality and the switching speed

of the controllers.
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CHAPTER 3

Calibration of DC and AC magnetic fields

In order to compare the experimental data with theoretical predictions all the experimental

conditions should be accurately characterized, they include the amplitude and the resonant

frequency of the rf field which is applied for the association of ultracold molecules and

the DC magnetic field at which the trapped atoms are held during molecule association.

Measurements of resonant radiofrequencies are described in Chapter 4. The following

chapter describes how the DC magnetic field has been measured by employing a microwave

spectroscopy technique in which atoms in the initial |F = 1,mF=−1〉 state are coupled to

the state |F = 2,mF=0〉 (σ+ transition) and monitoring the dependence of atom transfer

on the mw frequency. From the resonant mw frequencies the magnetic field values are

calculated by using the inverse Breit-Rabi formula, [89]. It is important to perform the

mw spectroscopy with the rf field switched on as high rf power affects our atom chip

circuitry and leads to a systematic shift of the magnetic trap bottom. The second part

of the chapter describes the in-situ method of measurement of the amplitude of the AC

magnetic field in the frequency range 23 − 31 MHz by using the two-photon resonant

microwave/radio-frequency excitations and known relations between the two-photon Rabi

frequency and the single-photon mw and rf Rabi frequencies.
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3.1 Shape and broadening effects of the microwave spec-

troscopy line

There are a number of factors that contribute to the spectral profile of Bose-condensed

atoms. In this section we investigate how the shape of mw spectroscopy resonance curves of

the trapped condensed atoms are affected by atomic interactions, gravity, induced dipole

oscillations and power broadening. At equilibrium the total energy of interacting con-

densed atoms in a trap comprises three components: magnetic, mean field and gravi-

tational interactions. In the current section more complex assumptions are successively

added into the initial model. It starts with the consideration of only magnetic and mean

field energies in the model followed by adding gravity, dipole sloshing of the condensate

in the trap and then power broadening in the atom-radio-frequency-field interactions.

During experiments the mw pulse duration (3 ms) is kept long compared to the period

of the mw Rabi flopping (224 µs) and under this condition the anticipated lineshape has

a Lorentzian profile due to power broadening [64]. However, experiments show coupling

profiles that are much broader than the 4.5 kHz mw Rabi frequency with significant

asymmetric deviations from the Lorentzian shape. By taking into account the finite size

of the BEC cloud (atoms cover a certain volume in space so that different parts of the

BEC experience a different magnetic field) and induced dipole oscillations our theory can

explain the observed asymmetry. Fitting of all experimental mw spectroscopy data with

the convolution of the asymmetric BEC profile and the Lorentzian accounts for differences

in magnetic field experienced by different parts of the BEC cloud.

Broadening mechanisms of the rf spectroscopy profile during stimulated molecule as-

sociation are similar to the case of mw spectroscopy so the results of the coupling profile

analysis are also used in the next section. As a result fitting of the data with our theory

significantly increases the accuracy of the measurements of DC magnetic fields and the

corresponding radiofrequencies.
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Figure 3.1: Solid black lines show total energy of BEC atoms of the trapped |F = 1,mF =

-1〉 and untrapped |F = 2,mF = 0〉 states. Arrows represent resonant mw coupling with

the Rabi frequency Ωmw (a) in absence of gravity and (b) in the gravitational field. Blue

dashed lines represent the magnetic trapping potential and grey areas reflect the effect of

non-uniform atomic interactions. The gravitational acceleration is aligned with the z axis.

3.1.1 Spectral line of BEC in absence of gravity

In the initial approximation gravity is neglected and the magnetic harmonic potential is

considered to be symmetric in all directions. In the Thomas-Fermi approximation [76] the

chemical potential of the trapped condensed atoms is determined by the fact that repulsive

atomic interactions compensate the magnetic trapping potential (Fig. 3.1).

A resonant mw field turns on the coupling of the atoms from the magnetically trappable

state |1,−1〉 to |2, 0〉. In Fig. 3.1 (a) the dashed line represents the energy of atoms in the

magnetic potential and the dotted line with the grey area is the energy of the repulsive

forces between atoms in the BEC. The total energy of the atoms is shown by the black

solid line. The modulus of the total magnetic field is equal to |B0| + M
µB
ω2r2 (Eqs. B.14

and B.17 with the substitution r =
√
x′2 + y′2 + (z − z0)2) and thus the magnetic energy
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Figure 3.2: Mw spectral line of BEC with repulsive interactions in the absence of gravity,

described by Eq. 3.4 with parameters: N = 2·105, ωx,z = 2π·102 Hz, ωy = 2π·11.5 Hz, R0

= 4.7 µm, B0=3 G, fm = 162.64 kHz. The atoms are located near the local minimum of

magnetic field which leads to relatively narrow coupling profiles.

is isotropic and depends only on the displacement r from the equilibrium position. B0 is

the magnetic field at the origin r = 0 and µB is the Bohr magneton. The magnetic energy

is equal to:

EB = mF gFµBB = mF gFµB(|B0|+
M

µB
ω2r2) (3.1)

Interactions between the atoms in the same and in different internal states are almost

the same, as they depend on the scattering lengths which have very close values around

100·a0 [90]. Then the energies of the two states and the energy of the mw transition can

be expressed as: 
E−1 = mF gFµB(|B0|+ M

µB
ω2r2) + χn(r, φ, θ),

E0 = EHF + χn(r, φ, θ)

=>

Emw = hf = EHF −mF gFµB(|B0|+
M

µB
ω2r2) = h(fm − T 2r2)

(3.2)

where the χn(r, φ, θ) term is the energy of the atomic interactions, χ =
4πh̄2abd
m

with

abd being the s-wave scattering length for collisions of two states b and d, n(r, φ, θ) is the
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number density, EHF is the hyperfine splitting in 87Rb and we have used substitutions

T =
√

mF gFM
h ω2 =

√
Mω2

2h and fm = 1
h(EHF − gFµ|B0|). From Eq. 3.2 it follows that

atoms in a spherical shell with radius r are resonant at the same mw frequency. With

R0 being the Thomas-Fermi radius of the BEC [76] the resonant transition frequency f

decreases from fm to fm − T 2R2
0 as r increases in the range [0, R0] (Fig. 3.1 (a)) and the

number of resonant atoms in the shell is equal to:

dN(r) = n0(1− r2

R2
0

)4πr2dr (3.3)

where n0 is the peak number density. The number of resonant atoms can also be expressed

as a function of the mw frequency:

dN(f) =
2πn0

R2
0T

2

√
fm − f
T

(
R2

0 −
(√

fm − f
T

)2)
df (3.4)

It is reasonable to expect that the number of atoms that have been transferred to the

|2, 0〉 state during the mw pulse is proportional to the total number of atoms that are

resonant to this transition. Thus Eq. 3.4 describes the relative number of atoms transferred

into the mF = 0 state or the spectral line which is shown in Fig. 3.2.

3.1.2 Effect of gravity sag

In the general case the trap frequencies ωx, ωy and ωz are different for the x′, y′ and z′

directions. However, it is much easier to do the math in a spherically symmetrical trap.

Through the coordinate transformations the results of the previous Section 3.1.1 can be

generalized: 
x = x′ ωxω ,

y = y′
ωy
ω ,

z = z′ ωzω

(3.5)

where ω = (ωxωyωz)
1
3 is the geometrical mean frequency of the trap.

In the presence of a gravitational field the center of the cloud is shifted from the

minimum of the magnetic field vertically down to the value zg. In the Thomas-Fermi

approximation [76] all trapped atoms within the cloud have the same energy, so that the
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Figure 3.3: A general case with arbitrary trap frequencies can be simplified by choosing a

new coordinate system (Eq. 3.5) so that the trap becomes spherically symmetric and as

a consequence the BEC cloud has a spherical shape. According to Eq. D.3 the resonant

mw frequency is the same for all the atoms in the BEC that are forming a semi-shell of

radius r (red radius-vector in the figure; atoms in the shell are shown located between two

red circular arcs). (a) represents the case zg ≥ R0 so that r ∈ [R0 − zg, R0 + zg]. (b)

represents the case zg < R0, where r ∈ [0, R0 + zg].

repulsive forces between atoms compensate the magnetic trapping potential and gravity

(Fig. 3.1 (b)). Similar to the previous case in Section 3.1.1 the difference of the total

energies of the atoms in the two states in the new coordinate system, Eq. 3.5, depends

only on the modulus of r (Eq. D.3 in Appendix D.0.9). Then by evaluating the integral

in spherical coordinates the number of resonant atoms dN can be expressed as a function

of r (Eq. D.10), which can be rewritten as a function of the mw frequency f :

dN = Φ1(f) = 1
χMω2 π

T 2
1

8zg

(
R2

0 − (
√
fm−f
T − zg)2

)2

df,

f ∈ [fm − (R0 + zg)
2T 2, fm − (R0 − zg)2T 2]

dN = Φ2(f) = 1
χMω2 π

T 2

√
fm−f
T

(
R2

0 − z2
g − (

√
fm−f
T )2

)
df,

f ∈ [fm − (R0 − zg)2T 2, fm]

(3.6)

In the current approximation it is assumed atoms in the BEC keep the Thomas-Fermi

profile during the mw spectroscopy with a constant radius R0 (this is only approximately
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Figure 3.4: Theoretical mw spectral lines in the presence of gravity (Eq. 3.6). The con-

tribution of functions Φ1 and Φ2 are shown by black and red lines at different magnetic

fields (ωy = 2π·11.5 Hz and N = 2·105 for all cases): (a) 0.1 G (ωx,z = 2π·560 Hz, R0 =

1.7 µm, zg = 0.8 µm, fm = 2192.64 kHz); (b) 0.5 G (ωx,z = 2π·250 Hz, R0 = 2.7 µm, zg

= 4.0 µm, fm = 1920.64 kHz); (c) 3 G (ωx,z = 2π·102 Hz, R0 = 4.7 µm, zg = 24.1 µm, fm

= 162.64 kHz). The vertical axes have been rescaled for better representation.
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valid as after being transferred to the |2, 0〉 state the atoms start to fall under gravity).

It follows from Eq. 3.6 that in the general case profile of the coupling frequencies is

described by two functions: when zg ≥ R0, r belongs to the interval [R0 − zg, R0 + zg]

whereas for zg < R0, r ∈ [0, R0 + zg] (Fig. 3.3). The corresponding mw frequencies can be

calculated from Eq. D.3 as f = fm−r2T 2. Thus for zg ≥ R0, f changes within the interval

[fm− (R0 + zg)
2T 2, fm− (R0− zg)2T 2] and the entire profile is described by the function

Φ1 in Eq. 3.6, whereas the zg < R0 case corresponds to f ∈ [fm − (R0 + zg)
2T 2, fm] and

both functions Φ1 and Φ2 play a role. Equation 3.6 becomes identical to Eq. 3.4 in the

limit zg → 0.

To visualize Eq. 3.6 the theoretical spectral lines for mw spectroscopy are plotted for

three values of the magnetic field in Fig. 3.4. An approximate linear splitting of 700 kHz/G

is used for the Zeeman levels in the magnetic field for estimating fm, from which the

parameters ω and zg are calculated using equations B.17 and B.20 as well as the Thomas-

Fermi radius R0 for 2 · 105 atoms. The magnetic field directly affects only the position of

the resonance through fm, rather than its shape which depends on the trap frequencies.

However, during the experiment the current through the Z-wire and the BxLarge field in

the last magnetic trap are rarely modified so that the trap frequencies change as shown in

Fig. 2.8. It becomes clear from Fig. 3.4 that the spectral line shape changes with magnetic

field: it is narrower and more asymmetric for smaller fields.

Atoms in the BEC cloud cover a range of magnetic fields which from Eq. 3.6 correspond

to the resonant mw frequencies [fm − (R0 + zg)
2T 2, fm − (R0 − zg)

2T 2] ([fm − (R0 +

zg)
2T 2, fm] in the case zg < R0), where the frequency fm is determined by the local

minimum value of the magnetic field B0. The size of the cloud R0 depends on the total

atom number and so do the lowest fmin = fm -
Mω2(zg+R0)2

2h and the highest fmax = fm

-
Mω2(zg−R0)2

2h frequencies which adds noise to the resonance coupling shape (Fig. 3.5).

However, the frequency

f0 = fm −
Mω2z2

g

2h
(3.7)

which corresponds to atoms in the centre of the trap (and hence in the centre of the cloud)

is independent of shot-to-shot atom number fluctuations during the mw spectroscopy

experiment and can be extracted with a high precision. From the Breit-Rabi formula we
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Figure 3.5: Dependence of the mw spectral line on the number of atoms in a BEC. (a)

Coupling profiles at 0.15 G trap share the same frequency fm with separate peaks in each

case of R0 equal to 1 µm (red line, N = 3.2·104), 1.5 µm (blue line, N = 2.4·105) and

2.0 µm (black line, N = 106). (b) Coupling profiles at 2 G trap for different atom numbers

in the BEC spectral lines broaden and shrink, maintaining the same peak frequency. Red,

blue and black lines correspond to R0 equal to 2 µm (N = 2.1·104), 3 µm (N = 1.6·105)

and 4 µm (N = 6.6·105), respectively. Black dashed line shows the frequency f0 in both

cases.



56 Calibration of DC and AC magnetic fields

calculate the value of the magnetic field Bbottom corresponding to the frequency f0 and

then correlate it with the radio-frequency that is resonant with atoms in the centre of the

BEC during the molecule association experiment.

It is interesting to note that the frequency f0 corresponds to the maximum of the

function Φ1(f) in Eq. 3.6 (Eq. D.14 in Appendix D.0.9).

3.1.3 Dipole oscillations during the microwave spectroscopy

In order to measure the value of the magnetic field during the formation of molecules the

mw spectroscopy is performed after applying the rf field for the same holding time as in

the atom-molecule coupling experiment (usually 420 ms) before the mw pulse and keeping

the rf field on during the pulse as well (Fig. 3.8). It was noticed that the shot-to-shot

position of the clouds varies slightly in the imaging frames. This means that the BEC

clouds are experiencing dipole oscillations in the trap, induced by shaking of the trap at

the moment of turning on the high power rf field.

Equation 3.6 predicts the spectral profiles shown in Fig. 3.4 in the approximation of

a non-moving cloud in the trap and weak coupling (the atoms feel only the resonant

frequencies). The next improvement to the model is the derivation of the spectral profile

for an oscillating cloud in the trap.

As described in Appendix B.0.1 the Z-wire magnetic trap is generated by only three

units: ByEarth magnetic coils, Z-wire current and BxLarge coils. The sudden application

of a strong rf field leads to small changes in the DC currents through the switches. Due to

its design the centre of the magnetic trap is always located under the centre of the Z-wire

and can not be shifted in the x or y direction by currents in these three units. As a result,

the trap minimum is shifted along the z coordinate leading to dipole oscillations along this

direction (it is confirmed by the observation of the fluctuations in only the vertical position

of the cloud during the mw spectroscopy measurement). Thus, the vertical coordinate of

the atomic cloud becomes a function of time zg(t)=z
0
g + d · cos(ωt), which shifts the peak

frequency and broadens the resonance (Fig. 3.6). For any time t Eq. 3.6 determines the

number of atoms that are resonant with different frequencies during time dt. The average

number of atoms that are resonant for different frequencies during one period of dipole
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Figure 3.6: Spectral mw profiles that are given by Eq. 3.6 for simulating experimental

conditions with B0 = 3.06 G; ωx,z = 2π·101 Hz; ωy = 2π·11.5 Hz; N = 2·105; R0 = 5 µm;

z0
g = 25 µm; d = 3 µm. The mw frequency is shown relative to 6.832419968 GHz which

corresponds to a splitting of 3.23 G. (a) Demonstration that larger zg (green solid line)

corresponds to a broader profile with a lower peak frequency. (b) Black line represents

an average of the coloured lines during one period of collective oscillation, visualizing the

manual integration of Eq. 3.8.
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oscillations Tdo can be calculated by substituting zg(t) into Eq. 3.6 and integrating over

time:

dN =
1

8

2πh

Tdoχ
df

∫
t

(
R2

0 − (
√
fm−f
T − |z0

g + d · cos(ωt)|)2

)2

|z0
g + d · cos(ωt)|

dt,

f ∈ [fm − (R0 + zg(t))
2T 2, fm − (R0 − zg(t))2T 2]

dN =
2πh

Tdoχ
df

∫
t

√
fm − f
T

(
R2

0 − (z0
g + d · cos(ωt))2 − (

√
fm − f
T

)2

)
dt,

f ∈ [fm − (R0 − zg(t))2T 2, fm]

(3.8)

For frequencies f in the range [(fm − (R0 − |zg(t)|)2T 2)min, (fm − (R0 − |zg(t)|)2T 2)max]

the average number of resonant atoms is the sum of both functions.

Due to the parasitic nature of the cloud movements in the trap it is reasonable to

assume a random phase of the oscillations during the start of the mw pulse after the

holding time. This means that the expected shape of the coupling curve is described by

the average number of atoms, i.e. by Eq. 3.8. Figure 3.6 (b) helps to understand this fact,

visualizing the position of the resonant coupling curve after equal time intervals during

the dipole oscillations of the cloud in the trap. A short mw pulse duration compared to

the period of the cloud oscillations would show a coupling curve with large fluctuations

from the average. As is easily seen from Fig. 3.6 (b) on the sides of the profile it is

possible to observe a maximum coupling strength or zero response, whereas at the centre

some portion of the atoms is always in resonance but can significantly vary shot-to-shot.

Longer mw pulses make the curves smoother as the number of atoms is integrated and so

partly averaged during the pulse. In our experiments it was empirically found that 3 ms

pulses give good results for mw spectroscopies over the whole range of the trap frequencies.

Unfortunately, direct integration of Eq. 3.8 is not possible as the function under the

integration should be zero outside the range of frequencies [fm -
Mω2(zg(t)+R0)2

2h , fmax],

i.e., multiplied by the gate-function which is also time-dependent. As a solution we use

an approximate numerical averaging method by dividing the period of oscillation Tdo into

M time intervals and assuming that the function under the integral is time independent

during ∆t = Tdo
M with zg = zg(t+ ∆t

2 ). Visualization of this method is shown in Fig. 3.6.

Part (a) shows resonant curves for the minimum (pink) and the maximum (green) values

of zg. During sloshing the position of the cloud in the trap is changing and so does its
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spectral response. Figure 3.6 (b) shows resonant curves at different times (with a fixed

time step) during the dipole oscillation and the black line is the sum of all coloured curves

divided by M. It is interesting to note that time averaging increases the asymmetry of the

resonant coupling curve as well as its width, and the density of lines is lower at the centre

which makes perfect sense as during dipole oscillations the cloud slows down at larger

deflection from the centre and so spends more time there.

3.1.4 Power broadening and magnetic noise

The effect of power broadening is also needed to be taken into account, i.e., during the

coupling of the atoms with the strong rf field the line width of the transition becomes

broader. Due to this effect the atoms become sensitive to a range of frequencies with a

spectral profile described by a Lorentzian function [64]:

dN =
dN0∆2

4(f − fc)2 + ∆2
(3.9)

where dN0 is the peak number of coupled atoms, fc is the resonant frequency and ∆ spec-

ifies the full width at half maximum (FWHM) of the resonance. This power broadening

leads to an additional broadening of the BEC spectral lines in Eq. 3.8. Every group of

atoms dN in Eq. 3.8 now has a spectral line in the shape of Eq. 3.9 instead of responding

only to a resonant mw frequency.

The presence of the magnetic noise also leads to additional broadening of spectral lines

described by a gaussian distribution function. Parameters fm, ω and hence T , zg and R0

in Eq. 3.6 depend on the magnetic field; however, small variations of the magnetic field

effectively do not change the shape of the spectral line leading only to a shift of the peak

frequency. According to Section 2.7 the fluctuating background magnetic fields add some

uncertainty to the magnetic field generated by the controlling switches. The position of

the spectral line in Eq. 3.6 is determined by the frequency fm = νHF − µBmF gF
h B0 which

has a linear dependence on the magnetic field. Thus a gaussian spread of the magnetic

field leads to gaussian broadening of the resonance lines for every dN in Eq. 3.8

dN = dN0 · e−
(f−fc)2

2∆2 (3.10)

To combine independent broadening effects a convolution of all three effects needs to
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Figure 3.7: Contribution of different factors that determine the broadening of spectral

lines for (a) 0.15 G, (b) 3 G at the centre of the trap. The red dashed line represents the

initial shape, described by equation 3.6. The blue line shows broadening due to dipole

oscillations, Eq. 3.8, with d = 3 µm in both cases. The black line demonstrates addition

of the Lorentzian broadening with ∆ = 2π·5 kHz.
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be done using Eqs. 3.8, 3.9 and 3.10. A Voigt function is a convolution of gaussian and

Lorentzian functions and is commonly used in many branches of spectroscopy. Thus the

convolution of Eq. 3.8 with a Voigt function is a mathematically identical task which

includes all the discussed broadening effects. However, this leads to a large complication

of the fitting process and instead of that we simplify the model by keeping only the two

strongest broadening effects. From Section 2.7 the measured FWHM of the magnetic noise

is 2 mG, which corresponds to 1.4 kHz of the gaussian broadening width. At the same

time the expected width of the power broadening is the value of the one-photon mw Rabi

frequency (4.5 kHz). Thus, power broadening dominates over the magnetic noise effect

and this is convoluted with the BEC profiles (Eq. 3.8), whose width is larger than 5 kHz

even for the smallest magnetic fields used in our experiments (Fig. 3.4).

To combine the broadening due to the finite BEC size, the dipole oscillations and the

power broadening the usual convolution function is employed

dN =

∫
g(ν)h(f − ν)dν (3.11)

where g(ν) is described by Eq. 3.8 and h(f − ν) is Eq. 3.9. It is reasonable to assume

that during the mw spectroscopy the number of atoms that have been transferred into

the F=2, mF=0 state is proportional to the number of atoms that are resonant at this

frequency:

dN = Adf

∫
ν

∫
t

(
R2

0 − (
√
fm−ν
T − |z0

g + d · cos(ωt)|)2

)2

|z0
g + d · cos(ωt)|

(
4(f − ν)2 + ∆2

) dtdν,

f ∈ [fm − (R0 + z0
g(t))2T 2, fm − (R0 − z0

g(t))2T 2]

dN = 8Adf

∫
ν

∫
t

√
fm − f
T

(
R2

0 − (z0
g + d · cos(ωt))2 − (

√
fm−ν
T )2

)
4(f − ν)2 + ∆2

dtdν,

f ∈ [fm − (R0 − z0
g(t))2T 2, fm]

(3.12)

Equation 3.12 represents the final expressions that are used for fitting of the mw spectral

lines. We simplify it by using the numerical averaging as described in Section 3.1.3. We

also combine the piecewise defined function in Eq. 3.12 into one by multiplying the two

parts of the equation by an analytical expression of the normalized step function (Eqs. D.17

and D.18 in Appendix D.0.11).



62 Calibration of DC and AC magnetic fields

Time

Hold time with RF field

Mw frequency pulse Imaging of both clouds

kick

BEC production

Magnetic trap

Figure 3.8: Time sequence of the mw spectroscopy experiment.

3.2 Microwave spectroscopy of the trapped Bose-Einstein

condensate

In the presence of a magnetic field the magnetic states of an alkali atom split in accordance

with the Breit-Rabi formula [89]. In addition to the Rabi flopping measurements described

in Section 3.3 we perform a direct mw spectroscopy by tuning the mw frequency into

resonance and measuring the dependence of the fraction of transferred atoms on the mw

frequency. This is a common and accurate method of the magnetic field calibration.

The mw spectroscopy experiment starts with the production of a BEC in state |1〉 =

|1, −1〉 (Fig. 3.8). Powerful rf radiation slightly changes the values of the DC currents

through all working switches and modifies the magnetic field in the trap centre. That is

why it is important to perform the mw spectroscopy in the presence of the rf field. The

atoms are coupled from the initial state |1〉 into the magnetic field insensitive state |2, 0〉 by

applying a mw pulse of 3 ms duration. The pulse duration is long compared to the inverse

of the mw Rabi frequency, so the probability of finding atoms in a particular internal state

changes multiple times and averages out [64]. Atoms in the state |2, 0〉 are not trapped and

fall from the trap under gravity. 10 ms after the mw pulse the magnetic trap is switched

off followed by 11 ms of free fall of the atoms. Atoms in the |2, 0〉 state are constantly

outcoupling from the magnetic trap during the mw pulse, so they appear as a stripe on the

imaging frame similar to the atom laser experiments [91], [92]. In order to simultaneously

image both atom states on a single CCD image the atoms remaining in state |1〉 are given

a kick just after switching off the magnetic trap by ramping the Z-wire current to 30 A
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Figure 3.9: Typical single-photon mw spectroscopy curves that are used for measurements

of DC magnetic fields of (a) 0.15 G, (b) 0.66 G and (c) 2.66 G. During the measurements

a varying mw frequency is applied by the generator Agilent Technologies E8257D with

3 dBm amplitude.
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for 0.6 ms. Before the imaging (Section 2.2.1) a repumper laser pulse of 2.6 ms duration

is applied that is locked on the transition 52S 1
2
(F=1) − 52P 3

2
(F=2) to transfer all the

atoms from F=1 into F=2 (Section 2.1.1). The population of each magnetic state is then

evaluated from the absorption image. Examples of the mw spectroscopy lines are shown

in Fig. 3.9, where each point represents a single run of experiment for a particular value

of the mw frequency. Plotting the ratio
NmF=0

N1+NmF=0
versus the mw frequency value helps

to reduce the noise associated with fluctuations of the atom number in the BEC.

In order to fit the mw spectroscopy experiment data with Eq. 3.12 the parameters ω,

T , z0
g and R0 are first calculated for the approximate value of the magnetic field. Then the

first iteration of the fitting is performed with A, d, fm and ∆ being free parameters. Then

the values of all fixed parameters are recalculated in accordance with the refined minimum

value of the magnetic field extracted from the Breit-Rabi formula and the known frequency

fm and the second iteration of fitting is performed. Usually after two iterations the process

converges and the third repetition does not lead to any difference in frequency fm. Then

the parameters of the best fit are used to calculate the magnetic field at the centre of the

trap by calculating the frequency

f0 = fm − T 2(z0
g)2 (3.13)

with high accuracy (uncertainty is ∼ 2 kHz which is only a fraction of a percent), which

is put in the Breit-Rabi formula to calculate the magnetic field in the centre of the trap

Bbottom.

The Breit-Rabi formula [89] gives the Zeeman energies of atoms in intermediate mag-

netic fields for the ground state of alkali atoms with J =
1

2
:

νF,mF = − νHF
2(2I + 1)

+
gIµBmFB

h
+ sign(F − I)

νHF
2

√
1 +mF

4x

2I + 1
+ x2,

x =
(gJ − gI)µB

hνHF
B

(3.14)

Here gI = −0.995141 × 10−3, gJ = 2.002331, µB = 9.274009 × 10−24 J
T , h is Planck’s

constant 6.626069× 10−34J · s and νHF = 6 834 682 610.9 Hz for 87Rb [79]. For 87Rb the

nuclear spin I =
3

2
, so in Eq. 3.14 it is a plus sign for F=1 and a minus sign for F=2. In

order to calculate the energy difference (in frequency units) of the corresponding magnetic



Microwave spectroscopy of the trapped Bose-Einstein condensate 65

Parameter 3.9 (a) 3.9 (b) 3.9 (c)

N, atoms 2·105 2·105 2·105

ωy/2π, Hz 11.5 11.5 11.5

ωx,z/2π,Hz 454.3 ±1.1 218.1 ±0.4 108.244 ±0.012

R0, µm 1.908 ±0.003 2.964 ±0.003 4.5125 ±0.0003

z0
g, µm 1.211 ±0.006 5.26 ±0.02 21.337 ±0.005

d, µm 5.1 ±0.7 2.0 ±1.8 2.9 ±0.3

∆, kHz 10.2 ±1.8 10 ±3 4.0 ±0.5

fm, kHz 2156.6 ± 0.5 1808.2 ± 1.7 420.3 ± 0.4

f0, kHz 2155.3 ± 0.5 1802.6 ± 1.7 397.9 ± 0.4

Bbottom, G 0.1528 ± 0.0007 0.655 ± 0.002 2.6600 ± 0.0006

χ2/doF 4.0·10−3 7.5·10−3 1.5·10−3

Table 3.1: Parameters of the best fitting for the data shown in Fig. 3.9. Red font is used to

distinguish fixed parameters during data fitting. The mw frequency is relative to 6.832 419

968 GHz which corresponds to the level splitting at 3.23 G. Calculation of B uncertainty

is described in Appendix D.0.10.

states |1,−1〉 and |2, 0〉 Eq. 3.14 can be rewritten as:

f =
gIµBB

h
+
νHF

2

√
1− x+ x2 +

νHF
2

√
1 + x2 (3.15)

Table 3.1 summarises the parameters that have been taken from the best fitting curves

of the data, shown in Fig. 3.9. The Lorentz width ∆ is of the order of 3−10 kHz for

all experimental data, which is comparable with the measured one-photon Rabi flopping

frequency 4.5 kHz.

In conclusion, the developed theory explains the observed asymmetries of the spec-

troscopy lines for the experiments with almost pure BECs and accounts for the non-uniform

magnetic field, experienced by the different parts of the BEC cloud. The employment of

the described fitting procedure for the mw spectroscopy allows us to determine the value

of the magnetic field in the centre of the trap with 1 mG precision or with a relative error

of less than 1%. It is important to note that taking into account the dipole oscillations of
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Figure 3.10: Relative coupling strength of magnetic dipole transitions in the ground state

52S 1
2

of 87Rb (adapted from [64]) and the two-photon excitation used for the AC magnetic

field calibration. We measure the frequency of Rabi flopping for large detunings ∆ ∼

2π·25 MHz.

the cloud is a crucial step in the model because predicted in Section 3.1.2 widths of the

resonances are significantly narrower than those measured experimentally. After convo-

lution with the power broadening this effect leads to an overestimation of the Lorentzian

width during the fitting procedure and makes the theoretical spectroscopy line symmetric.

From the other hand, excluding the power broadening effect from the model leads to an

inflation of the dipole oscillations amplitude, while the theoretical curve shows in general

a good matching with the experimental points.

3.3 AC magnetic field calibration

The first attempt to calibrate the AC magnetic field was to measure the AC current

through a test resistance that had been inserted into the rf circuit and then to calculate

the rf field amplitude knowing the geometry of the chip and the distance from the cloud to

the chip surface. However, this appeared to be not a very reliable approach as firstly, the

signal was noisy and it was hard to get consistent results, and secondly, the oscilloscope
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Figure 3.11: Two-photon Rabi flopping that is used for the AC magnetic field measure-

ment. The transfer is realized by employing an rf field of 25.71 MHz with amplitude 1 V

(pp) on the generator SRS DS345 and a mw frequency 6.808973380 GHz with amplitude

3 dBm on the generator Agilent Technologies E8257D.

input has a frequency dependent impedance in the MHz range. When connected to the

characterizing circuit the scope changes the impedance matching conditions and affects

the measured rf current.

We instead use a very elegant in-situ approach for the rf field characterization by a

precise measurement of the two-photon (mw+rf) Rabi flopping frequency between two

magnetically trappable states |1〉 = |F = 1, mF = -1〉 and |2〉 = |F = 2, mF = +1〉

(Fig. 3.10), which is proportional to Brf . Additional advantages of this technique are that

it doesn’t rely on measurement of the distance to the atoms from the chip-wire and this

method also automatically measures the component of the AC rf field perpendicular to

the quantization axis in the magnetic trap. The difference of mF is equal to 2 and thus

this magnetic dipole transition can be realized only by a two-photon process. In order

to measure the amplitude of the rf field at a particular frequency the mw frequency is

adjusted to make the sum of the mw and rf frequencies equal to the |1〉 − |2〉 transition

frequency for a particular DC magnetic field.

The two-photon Rabi frequency is determined by the values of the rf Rabi frequency
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Figure 3.12: Experimental images of the simultaneous imaging of atoms in different states

after adiabatic passage and a Stern-Gerlach kick. The two-photon pulse duration was

varying to show the transfer of atoms from state |1〉 to state |2〉.

Ωrf and the mw Rabi frequency Ωmw as well as by the detuning ∆ from the intermedi-

ate state F = 2, mF = 0 (Fig. 3.10). The AC magnetic field amplitude can be evalu-

ated by measuring Ω2ph and Ωmw (in a separate measurement of the σ+ transition |1〉 −

|F = 2,mF = 0〉). An additional factor that affects the frequency of the measured Rabi

oscillations is the strength of the transitions. According to the Clebsch-Gordan coefficients

in Fig. 3.10 the measured Rabi frequencies of the mw and the rf floppings from Figs. 3.11

and 3.13 are: Ωexp
mw =

√
2Ωmw and Ωexp

rf =
√

6Ωrf , from which:

Ωexp
2ph =

2π

T exp2ph

, Ωexp
mw =

2π

T expmw
,

Ωexp
2ph =

Ωexp
rf Ωexp

mw

2∆
=

√
6ΩrfΩexp

mw

2∆
=> Ωrf =

√
2

3

Ωexp
2ph∆

Ωexp
mw

,

Ωrf =
µ0gFBrf

2h̄
=> Brf =

√
2

3

2h̄

µ0gF

Ωexp
2ph∆

Ωexp
mw

(3.16)

The actual calibration procedure starts with the production of an almost pure BEC

in the state |1〉. After that the mw and rf fields are simultaneously applied in a pulse

of variable duration. In order to measure the amplitude of the specific radio-frequency

corresponding to a particular molecular resonance the mw frequency needs to be adjusted

to tune into the two-photon resonance. Immediately after the mw+rf pulse the atoms are

released from the trap by switching off all magnetic coils and the Z-wire current. The pop-
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Figure 3.13: Rabi flopping in the atomic system |1〉 = |F = 1,mF = -

1〉 − |F = 2,mF = 0〉 excited by resonant microwave radiation. For this particular

experiment a mw frequency of 6.834097000 GHz with 3 dBm of amplitude on the generator

Agilent Technologies E8257D was used.

ulations of both atomic states are measured in one experimental realization. To separate

atoms in different states the atoms from |1〉 are transferred to the state |F = 2,mF = -2〉

by adiabatic passage (Section 2.6) over 8.2 ms and then a short 0.3 ms Stern-Gerlach kick

is applied by ramping the current through the Z-wire up to 30 A. In the magnetic field

gradient atoms in the state |F = 2,mF = -2〉 are attracted to the chip whereas atoms in

the state |2〉 are pushed away. The difference in velocities of two atoms obtained during

the kick provides the spatial separation after a subsequent 12.3 ms of free fall (Eq. B.19).

The imaging procedure is described in Section 2.2.1. Two separate clouds on the CCD

image represent the populations of the two initial states |1〉 and |2〉 [90]. For different

durations of the mw+rf pulse the oscillation of the atoms between the two states can

be seen (Fig. 3.12). Typical Rabi flopping data is shown in Fig. 3.11 with the ratio

N2
N1+N2

being a measurable parameter and plotted as a function of evolution time. The

observed oscillations correspond to f2phmw = 6.808973380 GHz and frf = 25.71 MHz. The

experimental data are fitted by a decaying sinusoidal function 1
2(1+e−

t
ν sin(ω2pht+φ)) to

extract the period T2ph = (4.989±0.005) ms, the two-photon Rabi frequency Ω2ph =
2π

T2ph
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= 2π·(200.4±0.2) Hz and the decay time ν ∼ 0.6 s. We assume that the oscillation decay

is caused mainly by the instability of the magnetic field during the experiment.

Ωmw is measured in a separate experiment by applying a resonant mw field pulse of

variable duration for the transition |1〉 = |F = 1,mF = -1〉 − |F = 2,mF = 0〉 and

observing the Rabi flopping (Fig. 3.13). The experimental data is fitted by the function

Ae−
t
ν sin(ωmwt + φ) + B + k × t to extract the period Tmw = (223.8±1.4) µs, the mw

Rabi frequency Ωmw = 2π·(4.47±0.03) kHz and the decay time ∼ 350 µs. Atoms in the

state |F = 2,mF = 0〉 are not trapped in our system as the experiment is performed in

the magnetic trap. The observed short decay time of the mw one-photon Rabi flopping

can be explained by the fact that the atoms in the |F = 2,mF = 0〉 state become off-

resonant with the applied mw frequency as they fall from the trap centre under the gravity.

Inhomogeneity of the magnetic field along the BEC cloud leads to a decrease of the fringe

contrast: a fixed mw frequency is only resonant with part of the cloud whereas for the

two-photon transition case this effect is not noticeable as states |1〉 and |2〉 have the same

linear Zeeman splitting in the magnetic field.

In order to calculate Ωrf from Eq. 3.16 it is assumed that the strength of the mw field

is the same for the described two-photon and one-photon transitions. Indeed, the mw-

amplifier which is used in the experiment is broadband and for the total mw-frequency of

about 6.34 GHz the change of 30 MHz is only a fraction of a percent variation. During

tuning of the one-photon mw Rabi flopping the resonant value of the frequency f0mw is

found to be 6.834097000 GHz which allows to calculate the detuning ∆ = f0mw - f2phmw =

25.12362 MHz from the intermediate level |F = 2,mF = 0〉 in this particular measure-

ment. Now all the parameters in Eq. 3.16 are known to calculate the rf Rabi frequency

Ωrf = 2π×(2.25±0.02) MHz. From this the component of the rf field perpendicular to the

quantization axis of the magnetic trap Brf is equal to 2.62±0.02 G. In our experimental

system we have already applied to the atoms rf magnetic fields as high as 6 G; however,

we have the capability to increase this further.
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3.4 Conclusion

This chapter describes the methods of calibration of the AC and DC magnetic fields. For

the experiments of rf-induced molecular association it is important to know the amplitude

of the rf-magnetic field for the characterization of the experimental conditions. The usual

method of DC field measurement through resonant transitions between Zeeman levels has

been enhanced by our theory of the mw spectroscopy line which significantly increases the

precision of the technique.
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CHAPTER 4

Radiofrequency atom-molecule coupling

This chapter describes the experimental observations of an rf induced association of mole-

cules from pairs of 87Rb atoms prepared in different internal states |1〉 = |1,−1〉 and

|2〉 = |2, 1〉. During the collision of two atoms powerful resonant rf radiation stimulates

the coherent emission of an rf-photon leading to the formation of a molecule in a highly

excited state (the last bound state in our case). The rf recoil is very small and a molecule

in a positive magnetic state would remain trapped in the magnetic trap if there are no

collisions. The molecule is located in an atomic cloud and quickly relaxes to a lower

quantum state during the collision with a third atom. This quenching leads to an increase

of kinetic energies of the molecule and the third atom resulting in the loss of all three

particles from the trap. The detection of the atom loss is widely exploited in the location

of magnetic Feshbach resonances [29], [93] and is adopted in our investigation.

During the application of a powerful rf radiation the bare state notation for two states

|1〉 and |2〉 is not entirely valid as the BEC can be better described in the dressed states

basis. The BEC of the three-level F = 1 system in rf-dressed potentials has been analyzed

by White et al. in [94]. In particular, one of conclusions is that bare state |1〉 undergoes

an adiabatic transformation into |−〉 state for positive large values of detuning from the

resonance (in our experiment the detuning ∆ ∼ 25 MHz). The trapping potential for the

|−〉 state remains the same as for undressed state |1〉 in the vicinity of the trap centre,

with the same trapping frequencies. Due to symmetry it is reasonable to assume similar
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conclusions for initial state |2〉.

The chapter starts with the description of two-body losses affecting the population of

state |2〉 in a two component BEC in the absence and presence of radio-frequency coupling

of atoms to molecules. In order to choose appropriate experimental conditions (such as rf

amplitude, coupling time, frequency step) the predictions of [54] have been used to plot

the decay of the atom number in state |2〉. Section 4.1.2 contains a description of the

experimental sequence and the first observations of the atom-molecule resonances, proves

that the found resonances are generated by the atom-molecule conversion and provides

an estimation of the molecular formation rate. Section 4.2 describes the theory about the

interaction of atoms in a BEC with an rf field which explains the shape of the resonances

in different molecular bands and various effects responsible for the broadening of the

spectroscopy lines and used in the fitting of the experimental data. Section 4.3 contains

all the main experimental results of the Zeeman dependence of the energy of five molecular

bands with the molecular hyperfine numbers F = 3, 2 and 1 along with the dependence

of the resonance strength and position on rf amplitude.

4.1 Discovery of rf induced atom-molecule conversion with-

out assistance of magnetic Feshbach resonance

4.1.1 Necessary conditions for the observation of the rf induced atom-

molecule coupling

An increase of the atom losses due to molecule association is the usual technique for the

location of the Feshbach resonances. Atoms in a BEC collide with each other at a very

high rate. These atomic collisions can be elastic (participate in thermalization processes)

and inelastic (lead to atom losses). In two-component BECs (Section 2.5) losses of atoms

due to inelastic collisions are described by the two-body loss coefficients γ11, γ12, γ22 and

the three-body coefficients γ111, γ222, etc (due to almost the same values of magnetic

moments of atoms in states |1〉 and |2〉 the two BEC clouds have good overlapping with

each other). Usually BECs are dilute (n ∼ 1020 m−3) and three-body collisions can be

neglected.
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Figure 4.1: The dependence of rf induced two-body loss coefficient γrf12 on the rf frequency,

calculated for the molecular state A for 3.23 G of DC magnetic field and the amplitude of

the rf field of 4 G [95]. The resonant frequency is 23.184 Mhz with the FWHM ∼ 1.5 kHz.

A resonant radio-frequency field couples the energy levels of the two scattering atoms

in different states with the energy of a weakly bound Feshbach molecule. This induces

the molecule association process via stimulated emission of an rf-photon and the atoms

in the bound state do not respond to the imaging laser, indicating the loss of both atoms

from the BEC. Meanwhile, the molecules in the low magnetic field-seeking states may

remain trapped. The created molecules are in a high vibrational state and may emit a

photon spontaneously or due to an inelastic collision with a third atom ( [96], [97]) or even

have more than one inelastic collision [98], leading to the loss of more than two initial

atoms from the trap. The uneven initial splitting of the atoms with 80% in state |1〉

mostly shields the atoms in state |2〉 from secondary losses associated with collisions with

molecules. Thus the vibrational quenching of molecules leads to a negligible loss of atoms

in state |1〉 and in the current approximation it is assumed that the atom number in state

|2〉 is only affected by the two-body loss mechanism.

A simple theory of two-body losses (described in Appendix E.0.12) has been used

to select the appropriate experimental conditions for the observation of the rf-induced

molecular association. The number of atoms N2 in state |2〉 evolve in accordance with the
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Figure 4.2: Simulation of the time evolution of the number of atoms N2 without (the black

line, γ0
12 = 1.51(18)·10−20 m3s−1) and with (the red line, γ12 = 10−19 m3s−1) the resonant

rf field for 60 000 initial atoms and a constant number density of the cloud of atoms in

the |1〉 state n10 = 1.5·1020 m−3. From this graph the time interval 100−400 ms has been

chosen as the optimal rf coupling time.

equation (Eq. E.10)

dN2

dt
= − 15γ22N

2
2

14πR2
ρRz(t)

− γ12n10

7

(
5− R2

z(t)

R2
z0

)
N2 (4.1)

where n10 is the number density of the bigger cloud (state |1〉) with the radial and axial

radii Rρ and Rz0 accordingly; Rz(t) is the oscillating axial radius of the atomic cloud in

state |2〉.

The two-body loss coefficients for 87Rb atoms in states |1〉 and |2〉, γ0
22=8.1(3)·10−20 m3s−1

and γ0
12 = 1.51(18)·10−20 m3s−1, have been measured in our group [65] at the magnetic

field of 3.23 G. The resonant rf field generates additional inter-state losses γrf12 :

γ12 = γ0
12 + γrf12

(4.2)

Tscherbul [54], [95] has predicted γrf12 ∼ 3.9·10−19 m3s−1 for the resonant rf field of 4 G

(Fig. 4.1) which is more than an order of magnitude larger than γ0
12. In order to find

experimental conditions that are sufficient for observation of the predicted effect, all the
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Figure 4.3: Time sequence of the experiment for observation of rf-induced molecular as-

sociation. The time during the rf-coupling has varied during the experiments: it was set

to 250 ms during the initial search for the atom-molecule coupling and 420 ms for most of

the experiments in Sections 4.2.2 and 4.3.

parameters in Eq. 4.1 have been calculated from the Thomas-Fermi approximation for-

mulae [76] and the experimentally measured trapping frequencies (Section 2.3). For 3·105

atoms in the BEC it has been calculated Rρ = 5.1 µm, Rz0 = 44.9 µm, n10 = 1.5·1020 m−3

from Eq. E.3 and the period of the collective oscillation ∼ 330 ms at 3.23 G [65]. Figure 4.2

shows the time evolution of the number of atoms N2 with (γ12 = 10−19 m3s−1) and without

(γ0
12 = 1.51·10−20 m3s−1) a resonant rf field as numerical solutions of Eq. 4.1. The differ-

ence in the number of atoms for the two cases (vertical distance between the two curves)

is significant in a range 100−400 ms, which is why this interval of evolution time has been

chosen as optimal. A 2 kHz step has been selected as a reasonable variation of the radio-

frequency during the search for the resonance to be able to resolve the narrow resonance,

as shown in Fig. 4.1. Two theoretical predictions: 23.027 MHz [55] and 23.184 MHz [54]

have defined the range of frequencies 22.5−23.5 MHz as our region of search for one of the

strongest predicted resonances A (Fig. 1.2).

4.1.2 Experimental observation of rf induced molecular association

To maximize the molecule formation rate during collisions of atoms in different states,

the initial splitting of the atoms should be even. However, in an experiment the shot-to-

shot atom variation can be significant (up to 20% during an hour) and losses associated

with Feshbach molecules may be hidden under this noise or it can lead to chasing fictive
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Figure 4.4: Search for an elusive atom-molecule resonance for the bound state A (shown

as light red) at a DC magnetic field of 3.23 G and an rf amplitude of 4 G. The rf frequency

step was 0.2 kHz in the ranges 22.5−22.8 MHz, 23.05−23.25 MHz and 2 kHz everywhere

else. The rf coupling time was 250 ms. Blue and red arrows show the predictions of [54]

and [55] for the magnetic field of 3.23 G.

artifacts. That is why the transfer of a smaller fraction of atoms (20%) into state |2〉 is

not only helpful for the shielding of atoms from secondary losses (4.1.1) but also effective

in identifying the molecule association losses of atoms by the measurement of the ratio of

the atom number in the second state to the total number of atoms.

For the initial splitting of the BEC during a two-photon transition the fraction of

transferred atoms depends only on the time of the pulse and doesn’t depend on the total

number of atoms in the BEC. The number of formed molecules depends on the initial

number of atoms (dN = g · N0
1 · N0

2 , where g is the molecule association factor) and in

the absence of other losses the total number of atoms after the evolution time with the

rf-coupling N t
T is equal to N0

T − 2dN , from which:

N t
2

N t
T

=
N0

2 − dN
N0
T − 2dN

≈
(
N0

2

N0
T

− dN

N0
T

)(
1 + 2

dN

N0
T

)
≈

N0
2

N0
T

− dN

N0
T

=
N0

2

N0
T

− g ·N0
1N

0
2

N0
T

(4.3)

Thus the expected off-resonance ratio is a constant regardless of shot-to-shot fluctuations
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of the total number of atoms and molecule association would lead to a sudden drop in

the atom number in state |2〉 and hence in the normalized atom number
N t

2

N t
T

. In the

experiment there are additional non-negligible losses of the atoms in state |2〉; however

taking this into account doesn’t change the previous argumentation and only decreases

the expected off-resonant value of the ration of the number of atoms after the rf-coupling

time.

The timeline of the experimental sequence is shown at Fig. 4.3. A cloud of (2 − 3)·105

87Rb atoms in an almost pure BEC is obtained after the final stage of the rf-evaporation

(Section 2.1.2) in state |1〉, F = 1, mF = −1, 20 % of which is then transferred to state

|2〉 (Section 2.5). Straight after the transfer high power rf radiation of ∼ 4 G amplitude is

applied to the Z-wire on the atom chip (Section 2.8), stimulating the molecule associations

while both BEC components are held for 250 ms (420 ms in latter experiments). Then the

rf field and the magnetic trap are turned off and the atoms start fall under the gravity.

During the fall the state |1〉 component is transferred into the other hyperfine state |2,−2〉

via the adiabatic passage sequence (Section 2.6). After that the DC current through the

Z-wire is quickly ramped up for 0.3 ms to create a kick to spatially separate states |2〉 =

|2, 1〉 and |2,−2〉 in free fall due to their different magnetic moments (the Stern-Gerlach

kick), followed by the application of a probe laser and collection of images of both clouds

in the same frame of the CCD camera (Section 2.2.1). At the end of the experiment cycle

the atom numbers in the two states N1 and N2 are counted in order to plot the variable

N2
N1+N2

versus the rf frequency. Then the rf frequency is changed by a certain step (0.2 −

2 kHz in different frequency ranges) and the sequence is repeated again.

Figure 4.4 illustrates the experimental outcomes of the search for the atom-molecule

resonance A. For the magnetic field of 3.23 G two different types of simulations ( [55] and

[54]) have predicted two different locations of the resonance, 23.027 MHz and 23.184 MHz,

respectively. The experiment has revealed the resonance at 23.05 MHz with the relative

population of state |2〉 decreasing from 12% down to 10% after 250 ms of rf coupling time

whereas Tscherbul’s prediction [54] of the rf induced two-body coefficient would lead to a

relative population decrease of ∼ 2% for the resonance (Fig. 4.2).

After observation of the effect it was necessary to run tests to ensure that the increase
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Figure 4.6: Proof of the interspecies interaction origin of the atom losses. The black dots

and the fitted curve correspond to an initial splitting of the BEC with 20% in state |2〉

and 80% in state |1〉; the red dots and the fitted curve correspond to the opposite initial

splitting (secondary axis on right side). The experiment is performed for the bound state

B at 0.8 G trap bottom.
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of losses is driven by the rf field induced molecular association. According to [54] and [55]

the resonant frequency of the bound state A becomes larger for lower bias magnetic fields.

The experiment was repeated with a smaller magnetic field at the trap bottom of 3.12 G

and an increased holding time of 420 ms to make the resonance more pronounced (this

holding time has become a standard for the subsequent measurements) (Fig. 4.5). In

accordance with expectations the resonance shifted to a higher frequency of 23.12 MHz

which proved that the observed resonance corresponds to coupling to the molecular state

A. The size of the frequency shift was not analyzed during the check; however later on the

dependence of the resonant frequency on magnetic field was measured over the range from

3.23 G down to the lowest reachable field ∼ 0.15 G in our magnetic trap (Section 4.3).

The second test aimed to show that the observed increase in atom losses is associated

with collisions of atoms in different internal states. The experiment was performed with

rf-induced association to the molecular state B at 0.8 G trap bottom. After location of the

resonant frequency (black dots with the fitted curve in Fig. 4.6) by the sequence shown in

Fig. 4.3, the full experiment was repeated with the opposite initial splitting of the BEC,

leaving only 20% of atoms in state |1〉 and transferring 80% of atoms to state |2〉. Figure 4.6

demonstrates an increase of the ratio N2
N1+N2

(red dots with the fitted curve) at the resonant

frequency due to a decrease of the number of atoms N1 in state |1〉. The population of

component |2〉 decreases due to two body collisions with each other and the relatively large

γ22 coefficient. Whereas the atoms in state |1〉 are lost predominantly due to interspecies

inelastic collisions (neglecting three-body collision losses in the approximation of dilute

BEC clouds). As a result, after 420 ms of the holding time the off-resonance fraction

of the atoms in state |2〉 decreases from the initial 80% down to only ∼ 35% but at the

resonance the atoms in state |1〉 are lost faster in the process of molecular association

and at the end of the rf coupling time the proportion of the atoms in state |2〉 becomes

45%. This proves that the atoms in both states |1〉 and |2〉 experience increased losses

at the observed resonances due to the interspecies interactions that are induced by the rf

field. The positions of the resonances do not coincide perfectly with each other; however

this is related to technical imperfections during the experiment, leading to a slight drift

of the magnetic field at the bottom of the magnetic trap, and does not affect the main

conclusions from the experiment.
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Figure 4.7: Measurement of the resonance-coupling curve to determine resonant and off-

resonant frequencies for a molecule formation rate experiment.

4.1.3 Molecule formation rate

In accordance with the theoretical predictions for the loss coefficient γrf12 (Fig. 4.1) the

anticipated atom number in state |2〉 should drop down to 2% of the total number of

atoms after 250 ms holding time (Fig. 4.2). However, the experiment showed a barely

visible decrease (change from 12% to 10%) of the normalized number of atoms in state

|2〉 (Fig. 4.4) which means that the loss coefficient γrf12 could have been overestimated by

the theorists [54]. We performed an experiment to measure the loss coefficient of the rf-

stimulated molecule association by varying the holding time while applying the resonant

rf-radiation and recording the atom losses.

The central idea of the experiment is to compare the atom losses with and without

the resonant rf field. In addition a set of data was also collected for the off-resonant rf

field. The experiment was run with ∼3·105 atoms of the almost pure BEC, produced in

the trap with 0.8 G at the bottom. At this magnetic field the initial splitting with 23%

of the atoms in state |2〉 leads to 10% of the relative population of component 2 after the

holding time of 420 ms.
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Figure 4.8: Experimental data for the measurement of two-body loss coefficients. Red

circles correspond to the points with the resonant rf field; blue diamonds are for the case

without rf-radiation; black triangles correspond to the off-resonant rf field set of data.

Solid lines represent the fits with Eq. E.11.
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Figure 4.9: Theoretical curves generated using Eq. E.11 for the molecule formation rate

per ms (blue line) and the total number of molecules (red curve) with respect to the

coupling time for 70 000 initial atoms in state |2〉.
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The time sequence of the atom loss measurement was the same as in Fig. 4.3 with the

only difference being a variable rf coupling time. To decrease the effect of a systematic

atom number drift with time three sets of measurements were taken for every coupling

time. Each set consisted of an experimental sequence with the resonant rf-frequency

(25.70 MHz), followed by an experimental run with the off-resonant rf field (25.75 MHz)

and the same rf-amplitude and then a third sequence with the same holding time without

the application of the rf field. The resonant and the off-resonant frequencies had been

determined from the atom loss curve, measured prior to the experiment (Fig. 4.7). The

experiment data is shown in Fig. 4.8 with circle, diamond and triangle points designating

the cases of holding atoms with the resonant rf field, without the rf radiation and with the

off-resonant rf field, respectively. It is clear that the that experimental points for the off-

resonant case are very close to those without rf field which indicates that the non-resonant

powerful rf radiation does not change the experimental conditions.

Our simple atom loss theory, described in Section E.0.12, was used to fit the experimen-

tal data points (Fig. 4.8) and extract the loss coefficients. During the fitting procedure

the parameters n10, Rz0 and Rρ from Eq. E.11 were calculated from the Thomas-Fermi

approximation [76] for the average number of atoms N1 and the trap frequencies were

taken from table 2.1. The loss coefficient γ22 was set to the value 8.1(3)·10−20m3s−1

measured by M. Egorov [65], [90]. The parameters Rzmin, ωco and the initial phase ϕ0

have been set free during the fitting but restricted to be the same for all three cases of

the application of the rf field whereas the loss coefficients γ12 and the initial number of

atoms N2 have been determined from the best fits. For the trap bottom field of 0.8 G

the fitting converges to the loss coefficients 0.42(14)·10−20m3s−1 for the case without

the rf field, 0.3(1)·10−20m3s−1 for the off-resonant rf field and 3.6(2)·10−20m3s−1 for the

resonant rf field with amplitude of 2.23(2) G. The measured value of γ0
12 without the rf

field at 0.8 G is different from the previously measured 1.51(18)·10−20m3s−1 at 3.23 G [90]

and 7.80(19)·10−20m3s−1 at 8.32 G [99]. However, this dependence of γ0
12 on the mag-

netic field is in qualitative agreement with the theoretical model [100], which predicts a

local minimum in the loss coefficient in the vicinity of 2 G. Another reason may be the

dependence of the loss coefficient γ22 on the magnetic field: it has not been measured

in the current experiment but set as a fixed parameter due to its slow dependence on
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the magnetic field (previously measured values are 8.1(3)·10−20m3s−1 at 3.23 G [90] and

7.80(19)·10−20m3s−1 at 8.32 G [99]).

The experimentally measured value of the loss coefficient γrf12 = 3.2(2)·10−20m3s−1 is

lower than the theoretical estimation γrf12 ∼ 4·10−19m3s−1 (Fig. 4.1 shows the theoretical

prediction for the resonance A which should have a comparable strength to the resonance

B (Fig. 1.2)). However, the theoretical prediction was made for a different value of the

magnetic field of 3.23 G and a higher amplitude of the rf field of 4 G (in our experiment B

= 0.8 G and Brf = 2.2 G). The experimentally measured value of the loss coefficient was

also affected by different broadening mechanisms (Section 4.2) which are not included in

the simple theory for two-body losses (Section E.0.12). Other parameters extracted from

the fitting of the experimental data include the period of the collective oscillations ωco,

which has been estimated as ∼ 360 ms, in a good agreement with the period of collective

oscillations 330 ms measured in the 3.23 G trap [90]. The initial phase ϕ0 is measured to

be close to π which makes perfect physical sense as straight after the splitting the smaller

cloud starts to squeeze down to the smallest radius (fitting gives the value Rz0 min=Rz0
3 ).

After the measurement of the loss coefficients the theory in Section E.0.12 was used

to calculate of the total number of created molecules and the molecule formation rate

(Fig. 4.9). The number of molecules produced within one time step (1 ms in our simu-

lations) is calculated as the difference in the number of atoms calculated from Eq. E.11

with γ12= γ0
12 and γ12= γ0

12 +γrf12 . As follows from Fig. 4.9 the initial molecule association

rate almost reaches 1000 molecules/ms; however it quickly goes down due to the loss of

atoms in state |2〉. For evolution times of 150−250 ms the rate is almost constant, where

the drop of the molecule formation speed is compensated by the squeezing of the smaller

cloud, increasing its density (half a period of the collective oscillations).
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4.2 Shape of the atom loss curves

4.2.1 Theoretical shape of the resonances of rf-induced coupling to

molecular states

The theory [54] predicted a Lorentzian dependence of the two-body loss coefficient (Fig. 4.1)

and the first experimental data appears to show a symmetrical shape of the loss resonances.

However, later it was noticed that the resonances have slightly asymmetrical shapes: in

Fig. 4.6 it is clear that the left slopes of both curves are steeper than the right ones. We

associate these asymmetric shapes of the loss curves with the finite size of the BEC and

the small amplitude dipole oscillations of the cloud in the magnetic trap, so that the atoms

at different parts of the BEC experience different magnetic field and hence are resonant

at different radio-frequencies. A way of taking these effects into account is similar to the

one that was described in Section 3.1 for the mw spectra. To explain the shape of the

resonances it is assumed that during the rf coupling time the two clouds have perfect

overlap with each other, i.e., the less dense component |2〉 is diluted within the cloud with

the higher density in state |1〉 or n2 = n1. Variations of the scattering lengths a11, a22

and a12 do not exceed 5% [90] and in the following it is assumed that they are equal (the

collective oscillations are also not taken into account).

In a three-dimensional harmonic trap the total energy of the atoms is the sum of the

magnetic, the mean field and the gravitational energies. In the Thomas-Fermi approx-

imation the repulsive mean field interactions compensate the trapping potential so that

the total energy of the condensed atoms is the same (Fig. 3.1 (b)). Here, we consider

transitions to the weakly-bound molecular states with a large separation of bound atoms

and assume that the molecular state energy can be approximated as the sum of the energies

of the two unbound atoms EF=1
m1
F

+ EF=2
m2
F

minus the bound state energy C. Calculations

of the transition frequencies are easier in the rescaled system of coordinates where the trap
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is spherically symmetric (Eq. 3.5) (the origin is at the minimum of the magnetic field):
E0 = EF=1

−1 + EF=2
+1 ,

Eb = EF=1
m1
F

+ EF=2
m2
F
− C

<=>



E0 = µB(−1)(−gf )B0 + Mω2(x2+y2+z2)
2 −Mg ω

ωz
z + χn(x, y, z)+

µB(+1)(gf )B0 + Mω2(x2+y2+z2)
2 −Mg ω

ωz
z + χn(x, y, z),

Eb = µB(m1
F )(−gf )B0 + (−m1

F )Mω2(x2+y2+z2)
2 −Mg ω

ωz
z + χn(x, y, z)+

µB(m2
F )(gf )B0 + (m2

F )Mω2(x2+y2+z2)
2 −Mg ω

ωz
z + χn(x, y, z)− C

(4.4)

where gf = gF=2
f =1

2 (gF=1
f = −gF=2

f ) and it is also assumed that the colliding atoms are

located close to each other (have the same coordinates).

The experimental setup is designed to look for σ+ and σ− transitions with the rf field

polarized orthogonally to the local magnetic field direction. The selection rule for the

change of the total projection of the magnetic moment of two atoms ∆mF = ± 1 dictates

that at least one of the colliding atoms should flip its spin while forming the molecule. All

possible combinations of m1
F and m2

F in Eq. 4.4 for the molecules that can be written for

the initial states |1,−1〉 + |2,+1〉 are:

A : |1,−1〉+ |2,+2〉,

B : |1, 0〉+ |2,+1〉,

C : |1,−1〉+ |2, 0〉,

D : |1, 0〉+ |2,−1〉,

E : |1,+1〉+ |2, 0〉,

F : |1,+1〉+ |2,−2〉,

(4.5)

Assuming that the mean field energy of the atoms is the same for different states the

resonant frequency is defined by the magnetic field energy and C (in general C can be

different for each path in Eq. 4.5). From which the resonant frequencies are equal to:

hf = C + k

(
µBgfB0 +

Mω2r2

2

)
(4.6)

where r =
√

2
kMω2 (hf − C − kµBgfB0) and k = 2 +m1

F −m2
F depends on the particular

combination of the initial and final mF -quantum numbers for the projection of the total
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magnetic moment of both atoms in Eq. 4.5 and is equal to −1 (A), +1 (B and C), +3

(D) and +5 (F). From Eq. 4.6 it follows that the resonant frequency depends only on the

distance from the origin. Thus all atoms in states |1〉 and |2〉 that collide with each other

in a shell with radius r from the minimum of the magnetic field are resonant at the same

rf frequency.

In the case of induced molecular association the coupling to a molecular state is pro-

portional to the number of collisions between the atoms in different internal states as this

is a two-particle process (unlike the mw spectroscopy case where the number of trans-

ferred atoms is proportional to the number of atoms that are resonant at a particular mw

frequency). As noticed before the current approximation considers that the two clouds

overlap perfectly, so that the difference in the number of atoms in each state is accounted

for by the different number densities. The number of collisions per unit time in a small

volume is proportional to the densities of atoms in both states at that point in space. The

total number of formed molecules is then proportional to the integral along the volume

occupied by the shell in the BEC cloud:

dN ∼
∫∫

φθ
n1(r, θ)n2(r, θ)r2sinθdrdθdφ (4.7)

Similarly to the mw spectroscopy case in Section 3.1.2 the solution of this integral

(Appendix E.0.13) is the piecewise defined function (the illustration of two cases is shown

in Fig. 3.3):
dN(r) ∼ πr2M

2ω4

χ2
dr
[(
R2

0 − z2
g − r2

)2

+
4z2
gr

2

3

]
, r ∈ [0, R0 − zg]

dN(r) ∼ πM2ω4r

12χ2zg
(R2

0 − (r − zg)2)3dr, r ∈ [R0 − zg,R0 + zg]

(4.8)

The dependence of the number of created molecules on the initial splitting of the BEC

is contained in the coefficient =
n2

n1
. In this model it is assumed that the Thomas-Fermi

radius R0 of the BEC in state |1〉 does not change with time and that the process of

losing atoms from state |2〉 is slow so that they keep the Thomas-Fermi profile with the

same radius R0 but smaller number density. Equation 4.8 shows the number of collisions

between atoms in different states as a function of r. The number of atoms that are lost

from state |2〉 due to the creation of molecules is proportional to the total number of
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Figure 4.10: Loss curves for (a) A and (b) B molecular states (Eq. 4.5), calculated from

Eqs. 4.9 and 4.11 (inserted into Eq. 4.3) for a 1 G trap. Calculation parameters are: N

= 2·105, ω = 2π·250 Hz, R0 = 2.7 µm, zg = 4 µm, y0 = 0.1 (the off-resonant ratio of

the atom splitting), f
(a)
m = 24.65 MHz, f

(b)
m = 25.35 MHz. An appropriate strength of the

resonances (the depth) is selected for the best display.
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collisions per unit time. Equation 4.8 can be rewritten as a function of the resonant rf

frequency f with the substitution from Eq. 4.6. The molecular state A case (Eq. 4.5) is

different from the other molecular states because the parameter k is negative which leads

to a decrease of the frequency f with increasing value of r:

dN(f) ∼ πhMω2

12χ2zg

[
R2

0 −
(√

fm−f
T − zg

)2]3

df,

f ∈ [fm − T 2(R0 + zg)
2, fm − T 2(R0 − zg)2],

dN(f) ∼ πhMω2

χ2T

√
fm − f

[(
R2

0 − z2
g −
√

(fm−f)2

T 2

)2

+
4z2
g

3T 2

√
(fm − f)2

]
df,

f ∈ [fm − T 2(R0 − zg)2, fm]

(4.9)

where fm =
C + kµBgfB0

h
and T =

√
|k|Mω2

2h
and from Eq. 4.6:

f = fm +
k

|k|
T 2r2; r =

1

T

√
(f − fm)|k|

k
; rdr =

|k|
k

df

2T 2
(4.10)

For all positive k (the molecular states B, C, D and F) Eq. 4.8 becomes:

dN(f) ∼ πhMω2

χ2T

√
f − fm

[(
R2

0 − z2
g −
√

(f−fm)2

T 2

)2

+
4z2
g

3T 2

√
(f − fm)2

]
df,

f ∈ [fm, fm + T 2(R0 − zg)2]

dN(f) ∼ πhMω2

12kχ2zg

[
R2

0 −
(√

f−fm
T − zg

)2]3

df,

f ∈ [fm + T 2(R0 − zg)2, fm + T 2(R0 + zg)
2]

(4.11)

As in the case of the mw spectroscopy (Section 3.1.3) the current model for a resonant

rf profile can be extended by including the dipole oscillation of the cloud and power

broadening. As before the core idea is that the range of resonant frequencies varies as the

cloud oscillates in the trap, so that the vertical coordinate of its centre depends on time

as zg(t)=z
0
g + d · cos(ωdot) (Fig. 3.6). The average number of atoms that are resonant at

the different frequencies (B, C, D, E, F in Eq. 4.5) over one period of oscillations Tdo can
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Figure 4.11: Contribution of different factors to the shape of the A molecular state loss

profiles, calculated for a (a) 0.15 G trap, (b) 3 G trap. The red dashed line shows the initial

shape defined by gravity and the atomic interactions (Eq. 4.9). The blue line represents

the broadening effect due to dipole oscillations with d = 3 µm in both cases. The black

line demonstrates the addition of Lorentzian broadening with ∆ = 2 kHz.
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be calculated from the integral:

dN(f) ∼ πhMω2

χ2Tdo
df

∫
t

√
f−fm
T

[
(R2

0 − z2
g(t)− |f − fm|

T 2
)2 +

4z2
g(t)

3T 2 |f − fm|
]
dt,

f ∈ [fm, fm + T 2(R0 − |zg(t)|)2]

dN(f) ∼ πhMω2

12kχ2Tdo
df

∫
t

[
R2

0 −
(√

f − fm
T

− |zg(t)|
)2]3

|zg(t)|
dt,

f ∈ [fm + T 2(R0 − |zg(t)|)2, fm + T 2(R0 + |zg(t)|)2]

(4.12)

For rf frequencies f in the range [(fm+(R0−|zg(t)|)2T 2)min, (fm+(R0−|zg(t)|)2T 2)max]

the sum of both functions should be used in the calculation of the average number of reso-

nant atoms. A similar equation can be written for curve A in Eq. 4.5. In the experiments

the two-component BEC are exposed to the rf field for times that is much longer than the

period of dipole oscillations, which justifies the usage of Eq. 4.12.

Power broadening also plays an important role as in the case of mw spectroscopy. To

account for this effect the function in Eq. 4.12 g(f) is convoluted with a Lorentzian h(f):

dN ∼
∫
g(ν)h(f − ν)dν =>

dN(f) ∼ Adf
∫
ν

∫
t

√
ν−fm
T

[
(R2

0 − z2
g(t)− |ν − fm|

T 2
)2 +

4z2
g(t)

3T 2
|ν − fm|

]
4(f − ν)2 + ∆2

dtdν,

f ∈ [fm, fm + T 2(R0 − |zg(t)|)2]

dN(f) ∼ A

12k
df

∫
ν

∫
t

[
R2

0 −
(√

ν − fm
T

− |zg(t)|
)2]3

|zg(t)|(4(f − ν)2 + ∆2)
dtdν,

f ∈ [fm + T 2(R0 − |zg(t)|)2, fm + T 2(R0 + |zg(t)|)2]

(4.13)

In order to fit the experimental data with Eq. 4.13 a numerical integration method is

used. The period of the collective oscillations is divided into M equal time intervals so that

for each of them Eq. 4.9 or Eq. 4.11 can be used by setting zg=z
0
g+d · cos(ωdo T0

M (m+1
2)).

Then the integral on frequency in Eq. 4.13 is converted into the sum of N Lorentzian

functions with modulated amplitudes and different central frequencies. In the final fitting

formula there are M×N summands (Appendix E.0.14).
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Figure 4.12: Typical rf induced loss curves used for measurements of the energy of the

bound state A for (a) 0.16 G, (b) 0.96 G and (c) 2.19 G at the centre of the magnetic traps.

Corresponding values of the magnetic fields are calculated from subsequent measurements

of the mw spectroscopies.
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Figure 4.13: Typical rf induced loss curves used for measurements of the energy of the

bound state B for (a) 0.21 G, (b) 1 G and (c) 2.26 G at the centre of the magnetic traps.

Molecular states B, C, D, E and F have opposite asymmetries for the loss curves compared

to case A in accordance with the developed theory in Section 4.2 (Fig. 4.10).
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Resonance Parameter (a) (b) (c)

dmw, µm 6 ±2 2.5 ±1.5 3.0±1.3

d, µm 3.2 ±1.1 1.9 ±0.3 2.0 ±0.7

∆, kHz 2.7 ±0.7 2.0 ±1.1 7 ±2

fm, MHz 24.9676 ± 0.0002 24.5809 ± 0.0004 23.7569 ± 0.0004

f0, MHz 24.967 ± 0.003 24.573 ± 0.003 23.738 ± 0.002

A (Fig. 4.12)

χ2/doF 1.4·10−4 1.5·10−5 3.0·10−5

dmw, µm 6 ±3 2.0 ±0.7 3.6 ±0.8

d, µm 8 ±2 1.7 ±0.3 5.0 ±0.8

∆, kHz 6.0 ±1.7 3.4 ±1.1 13 ±4

fm, MHz 25.1996 ± 0.0007 25.8090 ± 0.0003 26.725 ± 0.001

f0, MHz 25.199 ± 0.002 25.8005 ± 0.0013 26.706 ± 0.002

B (Fig. 4.13)

χ2/doF 1.8·10−4 2.8·10−5 3.2·10−5

Table 4.1: Parameters of atom-molecule coupling extracted form the fitting of the radio-

frequency resonances in Fig. 4.12 (molecular state A) and Fig. 4.13 (molecular state B)

for different values of the magnetic field. This includes the amplitude of the induced

dipole oscillations d (compared with dmw, extracted from the fits of the corresponding mw

spectroscopies), the power broadening width ∆, the frequency at the local minimum of

magnetic field fm and the frequency, resonant with the atoms at the centre of the trap f0.

4.2.2 Fitting of the experimental data for the rf induced atom losses

As in the case of the mw spectroscopy the parameters z0
g , T and R0 are functions of ω and

are calculated from Eqs. 2.10, 4.10 and the Thomas-Fermi approximation [76] where the

value of ω is taken from the magnetic field, extracted from the corresponding measurement

of the mw spectroscopy. Fitting of the experimental data with Eq. 4.13 is performed with

the free parameters A, d, fm and ∆ serving to extract a precise value of the frequency:

f0 = fm +
k

|k|
T 2(z0

g)2 (4.14)

which corresponds to atoms in the centre of the cloud.

It was described in Section 4.2 that the resonance loss curves A from Eq. 4.5 have
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opposite asymmetry compared to the curves of the other molecular states B, C, D, E

and F. Figure 4.10 shows the difference of the theoretical loss curves for bound states A

and B. The experimental data fully confirm the predicted asymmetries (Figs. 4.12 and

4.13, where each point represents a single run of experiment for a particular value of the

radio-frequency) as well as for the other molecular states C, D and E.

As in the mw spectroscopy case the total width of the resonances is determined by the

atomic interactions (which determine the shape of the BEC), dipole oscillations of the

cloud and power broadening effects. At lower magnetic fields the trapping frequencies be-

come larger which leads to a compression of the cloud. This effect narrows the resonances;

however a big cloud sloshing can become a dominant broadening factor and cause signifi-

cant distortion of the loss curves. Table 4.1 summarizes the information that is typically

extracted from fits to the loss curves. Another measurement of the mw spectroscopy is

performed straight after each measurement of the rf-induced molecular association. The

parameter dmw, extracted from the mw spectroscopy fits, is also shown in table 4.1 to

demonstrate that fits from mw spectroscopy and the rf loss curves are consistent with

each other as the main cause of the cloud sloshing in both cases is the rf-induced shift of

the DC-current in the Z-wire.

4.3 Zeeman dependence of molecular state energies

The curve for the resonant rf induced molecular association allows to measure the energy

(relative to the energy of two free atoms in states |1〉 and |2〉) of the molecular state at

arbitrary magnetic field Bbottom. This DC magnetic field corresponds to the centre of the

trap and is determined from the subsequent measurement of the mw spectroscopy. A series

of these two measurements was repeated for different traps, mapping the dependence of

the relative bound state energy on magnetic field over the range 0.15 G−3.3 G. During the

rf transition the projection of the total angular momentum of one atom (or both atoms)

changes to another value. As a result, the molecular magnetic moment is different from the

total magnetic moment of two initial atoms and the resonant values of the atom-molecule

transition frequency depends upon the magnetic field. We measured this dependence for

five molecular states A, B, C, D and E (Fig. 4.14).
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Figure 4.14: (a) Zeeman dependence of the resonant frequencies f0 for molecular states A,

B, C, D, E and F. The manifold F was not detected in our experiments. (b) The energy

of the bound states is evaluated from (a) by deducting the energy of the colliding atomic

pair from the corresponding transition energy. Solid lines show the theoretical predictions

of [55] and the points are the experimental data. Labels F = 1, 2 and 3 show the different

hyperfine states of the molecules.
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Figure 4.15: Comparison of experimental data with theory [55] after subtracting the linear

asymptotical slopes originating from the theoretical zero magnetic field energies of the

bound states: 24.96609 MHz for molecular states A, B (a), C, D (b) and 26.01606 MHz for

state E (c). Experimental data and theory are shown as red and black points, respectively.

It is easy to see that the experimental points have a vertical shift from the theory.
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Molecular state Energy, MHz (0 G) Error, kHz

A 24.9852 1.9

B 24.9829 1.9

C 24.976 3

D 24.981 3

E 26.055 5

Table 4.2: Measurements of the energies of the molecular states at zero magnetic field.

The experimental data is matched with the theoretical points by varying their vertical

position.

At low magnetic field the Z-wire magnetic trap has a tighter confinement in the radial

direction and the larger atom number density increases the rate of two-body collisions,

which lowers the required rf power for locating the loss resonances. That is why it is

convenient to use low field traps (around 0.5 G) during the search for the first resonance

that belongs to a new molecular curve. To observe the weak resonances C and E it was

necessary to additionally increase the atom collision rate by a tighter confinement. In the

experiments it was realized by reducing the Z-wire current which simultaneously increases

the radial trapping frequency and brings the centre of the trap closer to the chip surface,

enhancing the amplitude of the rf field. On the other hand, an increased rate of collisions

is a limiting factor for the holding time and as a result 200 ms rf pulses were used for the

lower Z-wire current instead of 420 ms as for the measurements of the energies of the A,

B and D molecular states. The measurements of all data, shown in Fig. 4.14, were a very

time consuming routine - it took almost seven months of continuous experiment running.

The solid lines in Fig. 4.14 are the theoretical predictions that were provided to us in a

private communication by the courtesy of the authors [55]. The theory predicts that the

molecular energies of weakly bound atoms asymptotically approach linear dependencies

at higher magnetic fields with slopes of 0.7 MHz/G (approximately), multiplied by the

coefficient k from Eq. 4.6. The error bars for the measured resonant frequencies are only

a few kHz (Table 4.1) and in Fig. 4.14 they are within the size of the points. Figure 4.15

displays the same molecular curves with the linear slopes subtracted, revealing the dif-
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Theory for 3.23 G Experiment

Resonance f , MHz [54] f , MHz [55] f , MHz Magnetic field

A 23.184 23.027 23.0592(8) 3.2200(2)

B 27.459 27.402 27.419(2) 3.2129(14)

C 27.785 27.710 - -

D 31.935 31.936 31.921(3) 3.2137(9)

E 32.335 32.328 - -

F 36.625 36.668 - -

Table 4.3: Comparison of two predictions [54] and [55] for the locations of the rf-induced

molecular association resonances at 3.23 G with the experimentally measured frequencies.

Predicted values from both theories are in a reasonable qualitative agreement with the

experiment. Matching new experimental data points within their small error-bars can

lead to a better accuracy in determination of the parameters used in the theories.

ference between the experimental data and the theoretical curves [55]. It is easy to see

there is a systematic shift between the experimental data and the theoretical points. By

varying the origins of the theoretical points (doing a vertical parallel translation of the

whole curves) it is possible to combine the theory with the experimental data and thus

extract values of the bound states’ energies at zero magnetic field. To have a quantitative

measure of the matching process the theoretical points are fitted by an analytical function

(Appendix E.0.15) and then the same function is used to fit the experimental data with

the vertical position as the only free parameter. Estimations of the bound state energies

at zero magnetic field are shown in the Table 4.2.

In the paper [54] the calculated energies of the molecular states have also been presented

(Fig. 1.2); however detailed information about it is out of our reach. In a private com-

munication [95] through the courtesy of the authors we were provided with the pictures

of their predictions for the location and strength of the resonances (Fig. 4.1) at 3.23 G

for 4 G of Brf amplitude. Table 4.3 summarizes information on the comparison of the

predictions in [54] with [55] with the experimental data points for 3.23 G.
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Figure 4.16: Measurement of the amplitude of the rf field by two-photon Rabi oscillations

(Section 3.3). Points and lines of different colors correspond to different amplitudes of the

rf field: (3.43±0.02) G (black, 1.5 V (pp) on the SRS345 function generator); (2.31±0.02) G

(red, 1 V (pp)); (1.18±0.02) G (green, 0.5 V (pp)).

4.4 Dependence of the loss curve shape on rf field ampli-

tude

In [54] it is stated that the position of the resonance depends on the power of the applied

radio-frequency radiation and that the shift of the resonant frequency should be propor-

tional to the rf field magnitude squared. In order to check this relation a series of four loss

curve measurements were made with different amplitudes of Brf : 3.43 G, 2.31 G, 1.18 G

and 0.59 G for the molecular state B at the magnetic field of 0.82 G for the trap bottom

(Fig. 4.17 (a)). The rf field amplitude was accurately measured (Fig. 4.16) by the method

described in Section 3.3.

The experiment shows that the resonance frequency shifts to lower values with increas-

ing rf amplitude (Fig. 4.17 (a)); however, the corresponding mw spectroscopy lines also

undergo a shift, which can be caused by a change of the magnetic field in the centre of

the trap due to leaking of the AC-current into DC-magnetic field controllers or by an rf
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Figure 4.17: (a) Rf induced atom-molecule resonances for different rf field amplitudes for

the molecular state B at the magnetic field of 0.82 G. Solid lines show fits of the data

according to Eq. 4.13. Black, red, green and blue curves correspond to 3.4 G, 2.3 G, 1.2 G

and 0.6 G (Fig. 4.16). (b) Mw spectroscopy profiles measured simultaneously for the same

conditions. The grey dashed line shows the shift of the mw spectroscopy profile due to

the change of electric current in the By coils.
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field shift of the atom energy levels (Fig. 4.17 (b)). To distinguish between these two

effects, variations of the monitor voltages of the current controllers were recorded during

the mw spectroscopy measurement with the rf field amplitude of 3.4 G. A subsequent

mw spectroscopy measurement was performed without rf field and applying a current

through the By coils corresponding to the particular value of the monitor voltage on the

controller changed due to the presence of the strong rf field (Fig. 4.17 (b), grey dashed

line). Comparing the solid black and dashed grey lines in Fig. 4.17 (b) indicates that the

shift of the mw spectroscopy lines is mainly caused by the modified DC-magnetic field at

the trap bottom (currents in two other working switches, controlling the Z-wire current

and BxLarge coils, were not changed in the second experiment which may explain the fact

that positions of the two spectroscopy lines do not coincide exactly). Fig. 4.19 compares

the observed shift of the rf frequency with the shift due to the variation of the DC-magnetic

field, calculated from the mw spectroscopy profiles. We report that within the accuracy of

our method we did not observe any measurable shifts of the resonant radio-frequency with

increasing the rf amplitude by more than five times. This insensitivity of the resonance

position on Brf appears to be very convenient in measurements of the energies of the

molecular states versus magnetic field (Section 4.3). If it were not the case, every point in

Fig. 4.14 would need to be measured with precisely controlled amplitude of the rf magnetic

field and this would dramatically slow the data gathering process.

At the same time the width and the strength of the resonances have increased sig-

nificantly with the increase of amplitude (Fig. 4.17 (a)). According to the predictions

of [54] the loss coefficient should be proportional to B2
rf . Figure 4.18 demonstrates the

dependence of the loss coefficient γrf12 on the amplitude of the rf field. A second-order

polynomial function gives a reasonable fit to the experimental data; however, the number

of collected points is not enough to demonstrate a clear dependence behaviour.

In [54] the authors also have made a prediction regarding the relative strength of the

resonances (Fig. 1.2). The quantitative comparison for molecular state A is discussed in

Sections E.0.12 and 4.1.3 revealing a theoretical overestimation of the loss coefficient (the

two-body losses theory in Section E.0.12 is rather simple and a more extensive theory

may be needed, which would account for the inhomogeneous magnetic field within the
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Figure 4.20: Simultaneous detection of the molecular states A (black), B (red), C (green)

and D (blue) at the magnetic field of 0.2 G showing the relative strength of the resonance

coupling.

cloud size as in Sections 3.1 and 4.2). At the same time the qualitative estimations [54]

for the strongest and weakest resonances are correct. Five out of a total of six rf-induced

resonances have been successfully observed in our experiments. Resonance couplings to

molecular states A, B and D are the strongest, coupling to the bound state E is weaker,

with molecular state C being the weakest of the observed resonances. Bound state F has

not yet been found despite its coupling strength predicted to be equal to C, according

to [54]. The relative strength of the resonances is noticed to be different at different

DC-fields; at low values of magnetic field the resonances become almost equally strong.

Figure 4.20 shows measurements of the four molecular resonances A, B, C and D in

the same experiment in a 0.2 G trap. During the experiment the radio-frequency was

changed in a random order within the range 24.8−25.6 MHz. It is easy to see that the

four resonant frequencies lead to similar losses of atoms although the resonance A has a

noticeably opposite asymmetry shape compared to the other three loss curves.
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4.5 Conclusion

This chapter describes the first experimental observation of rf-induced coupling of atoms

from the initial |1,−1〉 and |2, 1〉 states to the molecular bound states of Rb2, far away from

any magnetic Feshbach resonance. The recorded data has the fundamental importance

of confirming the predictions of the theoretical models [54] and [55], so they can be used

to predict new phenomena. Some parameters used in these theories may also be refined

by fitting our new data. Observation of the rf coupling to five different molecular states

demonstrates that the rf-induced method offers the flexibility to select the internal state of

the created molecules. Introduction of the theory, describing the shape of the rf-induced

loss curves, gives a better understanding of the interactions between the rf field and atoms

in the BEC which significantly improves the precision of the measured resonant frequencies

and as a result the energies of the molecular states. The new data have also led to a

measurement of the bound state energies at zero magnetic field with only a few kHz

error.



CHAPTER 5

Conclusions and outlook

This thesis describes the experimental observation of molecular association through the

application of a powerful resonant radio-frequency field to a two-component 87Rb Bose-

Einstein condensate. In addition to magnetic Feshbach resonance and photoassociation

methods (Chapter 1) the rf-induced technique can be used as another method for molecular

association at any magnetic field.

Chapter 2 contains a description of the experimental apparatus for the production of a

87Rb BEC on an atom chip. The main focus of this chapter is on resolving the technical

challenge of generating a high power rf field. Experimental apparatus with atom chips

appears to be the best candidate for this kind of task as the ultracold samples in these

systems are situated near the electrical wires. High rf fields with amplitudes up to 6 G

have been generated with our atom chip and they can also be used in all sorts of other

experiments (such as the creation of a double well potential). The amplitude of the rf

radiation can be increased more by increasing the current through the chip wire or by

simply bringing the trap closer to the chip surface ( [101], [102], [67]).

In the current work every measured energy of the bound state is related to the cor-

responding accurately characterized magnetic field. High precision measurements have

been achieved by introducing a theoretical description in Chapter 3 that describes the

shapes of the mw and rf spectroscopy lines and accounts for the specific effects of our

experimental conditions (gravity sag, inhomogeneity of the magnetic field along the cloud,
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dipole oscillations of the cloud in the trap, etc). In contrast with the previous numerical

models for the ultracold (non-degenerate) atom samples [42], [43], [44], [45] our theory

offers a simple analytic approach, based on the Thomas-Fermi approximation for the pure

BEC clouds. The shapes of both the mw and the rf couplings have been fitted using the

new model significantly improving the accuracy of the measurements of both the bound

state energy and the corresponding value of the magnetic field. The developed theory can

also be easily adapted for the case of optically trapped BECs. Chapter 3 also includes a

description of our method for the measurement of the rf field amplitude.

The main outcome of the current work is the experimental demonstration of rf-induced

molecular association without assistance of a magnetic Feshbach resonance, as described in

Chapter 4. This effect was predicted theoretically by two groups [54] and [55] in 2010 and

since that time it has not yet been confirmed experimentally. In recent years many publica-

tions have reported the observation of rf-induced atom-molecule coupling in the vicinity of

magnetic Feshbach resonances [37], [38], [39], [40], [41], [44], [45], [46], [47] where the rf field

was mostly used for precise measurements of the bound energies. Now we have demon-

strated for the first time the possibility to perform atoms-to-molecules rf-spectroscopy at

any magnetic field, independent of the existence of a magnetic Feshbach resonance. As a

molecule association technique the rf-stimulating method has the advantage of selection

of a specific internal state of the created molecule, unlike the usual magnetic Feshbach

resonances. This was demonstrated in the current work by the successful addressing of

five different molecular states.

Using the rf field induced atoms-to-molecules couplings the energies of the five bound

states were measured over a range of magnetic fields from 0.17 to 3.3 G. This experimental

data was collected for the purpose of comparison with the theories in [55] and [54]. Both

theoretical predictions were close to the observed positions of the resonances which proves

the validity of these theoretical methods of caculations. Some parameters in the theoretical

models can also be tuned to achieve better concordance with the new experimental data,

such as the energies of the bound states at zero magnetic field. We use a very simple ap-

proach of parallel shifting of the theoretical points and extracting the corrections for these

energies. The dependence of the atoms-to-molecules rf spectroscopy line on the amplitude
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of the rf field has also been measured and compared with the theoretical predictions.

The observed rf field molecule association has many future applications. First of all, it

can be used for creation of the ultracold molecules at any magnetic field and any mixtures

of atoms (bosonic or fermionic) with precise measurements of the bound energies. The

rf field coupling also allows to address a specific molecular state which can be useful

in the study of molecule-molecule interactions (in combination with the trapping of the

molecules). In experiments of this type molecules are usually held in optical lattices which

brings the idea for a future realization of an experimental setup, combining optical traps

with an atom chip.

The coupling to the bound state also changes the scattering length, the parameter

responsible for interactions between colliding atoms. According to predictions [56] this

may allow one to use mw- or rf-induced Feshbach resonances instead of magnetic Feshbach

resonances and to extend interaction tuning techniques to many other elements. So far,

optical Feshbach resonances have been proposed in [103] and experimentally demonstrated

in [57], [58], [104]. However, they suffer from unavoidable losses due to spontaneous

emission processes which according to [56] should not be a problem for mw- or rf-induced

Feshbach resonances. Other theoretical work [59] foresees the future application of rf

stimulated Feshbach resonances for precise control over the interactions between different

species in multicomponent gases.
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[10] F. Pereira Dos Santos, J. Léonard, Junmin Wang, C. J. Barrelet, F. Perales, E. Rasel,

C. S. Unnikrishnan, M. Leduc, and C. Cohen-Tannoudji. Bose-Einstein condensation

of metastable helium. Phys. Rev. Lett., 86:3459–3462, 2001. (Cited on page 2.)

[11] Axel Griesmaier, Jörg Werner, Sven Hensler, Jürgen Stuhler, and Tilman Pfau.

Bose-Einstein condensation of chromium. Phys. Rev. Lett., 94:160401, 2005. (Cited

on page 2.)

[12] Yosuke Takasu, Kenichi Maki, Kaduki Komori, Tetsushi Takano, Kazuhito Honda,

Mitsutaka Kumakura, Tsutomu Yabuzaki, and Yoshiro Takahashi. Spin-singlet

Bose-Einstein condensation of two-electron atoms. Phys. Rev. Lett., 91:040404, 2003.

(Cited on page 2.)

[13] Simon Stellmer, Meng Khoon Tey, Bo Huang, Rudolf Grimm, and Florian Schreck.

Bose-Einstein condensation of strontium. Phys. Rev. Lett., 103:200401, 2009. (Cited

on page 2.)

[14] Sebastian Kraft, Felix Vogt, Oliver Appel, Fritz Riehle, and Uwe Sterr. Bose-Einstein

condensation of alkaline earth atoms: 40Ca. Phys. Rev. Lett., 103:130401, 2009.

(Cited on page 2.)

[15] Mingwu Lu, Nathaniel Q. Burdick, Seo Ho Youn, and Benjamin L. Lev. Strongly

dipolar Bose-Einstein condensate of dysprosium. Phys. Rev. Lett., 107:190401, 2011.

(Cited on page 2.)

[16] K. Aikawa, A. Frisch, M. Mark, S. Baier, A. Rietzler, R. Grimm, and F. Ferlaino.

Bose-Einstein condensation of Erbium. Phys. Rev. Lett., 108:210401, 2012. (Cited

on page 2.)



Bibliography 113

[17] S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl, S. Riedl, C. Chin, J. H.

Denschlag, and R Grimm. Bose-Einstein condensation of molecules. Science,

302(5653):2101–2103, 2003. (Cited on page 2.)

[18] Markus Greiner, Cindy A. Regal, and Deborah S. Jin. Emergence of a molecular

Bose-Einstein condensate from a Fermi gas. Nature, 426(6966):537–540, 2003. (Cited

on page 2.)

[19] R. A. Cline, J. D. Miller, and D. J. Heinzen. Study of Rb2 long-range states by

high-resolution photoassociation spectroscopy. Phys. Rev. Lett., 73:632–635, 1994.

(Cited on page 2.)

[20] T. Bergeman, J. Qi, D. Wang, Y. Huang, H.K. Pechkis, E.E. Eyler, P.L. Gould,

W.C. Stwalley, R.A. Cline, J.D. Miller, et al. Photoassociation of 85Rb atoms into

0+
u states near the 5s + 5p atomic limits. Journal of Physics B: Atomic, Molecular

and Optical Physics, 39(19):S813, 2006. (Cited on page 2.)

[21] A. Fioretti, D. Comparat, A. Crubellier, O. Dulieu, F. Masnou-Seeuws, and P. Pil-

let. Formation of cold Cs2 molecules through photoassociation. Phys. Rev. Lett.,

80:4402–4405, 1998. (Cited on page 2.)

[22] T. Takekoshi, B. M. Patterson, and R. J. Knize. Observation of cold ground-state

cesium molecules produced in a magneto-optical trap. Phys. Rev. A, 59:R5–R7,

1999. (Cited on page 2.)

[23] A. N. Nikolov, E. E. Eyler, X. T. Wang, J. Li, H. Wang, W. C. Stwalley, and P. L.

Gould. Observation of ultracold ground-state potassium molecules. Phys. Rev. Lett.,

82:703–706, 1999. (Cited on page 2.)

[24] A. Fioretti, C. Amiot, C.M. Dion, O. Dulieu, M. Mazzoni, G. Smirne, and C. Gab-

banini. Cold rubidium molecule formation through photoassociation: A spectro-

scopic study of the 0g long-range state of 87Rb2. The European Physical Journal D

- Atomic, Molecular, Optical and Plasma Physics, 15(2):189–198, 2001. (Cited on

page 2.)



114 Bibliography

[25] Roahn Wynar, R. S. Freeland, D. J. Han, C. Ryu, and D. J. Heinzen. Molecules in

a Bose-Einstein condensate. Science, 287(5455):1016–1019, 2000. (Cited on page 2.)

[26] B.J. Verhaar, Servaas Kokkelmans, Eric van Kempen, R.S. Freeland, Roahn Wynar,

D. Comparat, C. Ryu, and D.J. Heinzen. Spectroscopy of the highest Rb2 bound

states with 10 khz precision. In APS Division of Atomic, Molecular and Optical

Physics Meeting Abstracts, volume 1, page 4002, 2001. (Cited on page 2.)

[27] Tim Rom, Thorsten Best, Olaf Mandel, Artur Widera, Markus Greiner, Theodor W.
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APPENDIX A

Elimination of parasitic resonances

There have been other attempts at the observation of rf stimulated molecular association in

our group. The previous student, Mikhail Egorov, has observed increased losses of atoms

in state |2〉 at 3.23 G and attributed them to atom-molecule coupling to the molecular

states A, B and C. These observations and their analysis were described in the last chapter

of his thesis [65]. In the original experiment the radio-frequency coupling field from the

SRS345 (Stanford Research Systems 345) function generator was applied to a broadband

rf amplifier (OPHIR 5303055), whose output was directly connected to one of the end-

wires on the atom chip. The initial task of my PhD project was to reproduce these results,

investigate the properties of the resonances and observe the rf induced molecule association

to other molecular states.

Employing the same means of rf generation have led to the observation of a resonance

atom loss curve (Fig. A.1 (a)). However, all attempts to reproduce the same resonance

feature with other function generators (TTi TG4001, TTi TG1040) failed (it was necessary

to use other function generators to search for the resonances to the molecular states D

and E at 3.23 G trap bottom in the radio-frequency range 30−32 MHz as the SRS345

generator has an upper frequency limit of 30 MHz in generating rf field). Doubts about

the resonance origin arose even more after the resonance vanished during a repetition

of the experiment with a 19.2−23.6 MHz band-pass filter on the output of the SRS345

generator (Fig. A.1 (b)). After initial transfer of 99% of the atoms into state |2〉 the total



126 Elimination of parasitic resonances

0

0.02

0.04

0.06

0.08

0.1

23.06 23.065 23.07 23.075 23.08 23.085

N
2/

(N
1+

N
2)

Rf frequency, MHz

a)

0

0.02

0.04

0.06

23.05 23.06 23.07 23.08 23.09 23.1

N
2/

(N
1+

N
2)

Rf frequency, MHz

b)

Figure A.1: (a) Rf induced loss resonance observed with the SRS345 generator. (b) Ini-

tially observed increase of atom loss resonance disappears after filtering of the rf signal:

red dots correspond to the SRS345 generator; black dots correspond to the SRS345 gen-

erator plus band-pass filter; blue dots correspond to other generators (TTi TG4001, TTi

TG1040).
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number of atoms showed a similar resonance loss curve which confirmed that the rf field

induces atom losses in state |2〉 directly and that it has little to do with coupling to the

molecular state during interspecies collisions.

According to our further investigation of the SRS generator signal spectrum the cause

of the atoms loss was a sideband (∼ 2.3 MHz) which came from the generator and coupled

atoms into other Zeeman sublevels. It appeared that the spectrum of the generator signal,

shown in Fig. A.2, carries multiple sidebands. One of the sidebands with ∼ 60 dB attenu-

ation is close to the one-photon transition frequency 2.3 MHz between the Zeeman levels

for 3.23 G of the magnetic field. The sideband peak frequency shifts from 2.236 MHz to

2.398 MHz while the frequency of the signal changes from 23.070 MHz to 23.085 MHz

(Fig. A.3).

These parasitic resonances demonstrated the necessity to use band-pass filters during

the search for the new resonances and the need to critical tests of the observed features.

Luckily, this all happened at the beginning of my PhD and we didn’t waste too much

time on chasing the false resonances. The search for rf induced molecular associations

has been continued with the development of a method for the measurement of the rf field

amplitude (Section 3.3). The maximum amplitude that we could generate at that time

appeared to be less than 0.15 G which was more that an order of magnitude lower than

in the theoretical prediction [54] (4 G and 10 G). This pointed out that the production

of a high power rf field needed the introduction of big changes to the experimental setup

(such as the rf transformer and matching the load with the transmission line, Section 2.8)

and revealed that there was little hope to observe the rf induced atom-molecule coupling

with the existing rf field generation circuit.
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Figure A.2: Spectra of the SRS345 generator signal with settings 23.077 MHz frequency

and 0 dBm amplitude: (a) the spectrum shows multiple sidebands with one being close

to 2.3 MHz of ∼ − 60 dBm amplitude; (b) after connection of the band-pass filter to the

generator output the 2.3 MHz sideband disappears.
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Figure A.3: Investigation of the 2.3 MHz sideband frequency shifts during variations of

the SRS345 generator settings (0 dBm amplitude): (a) 23.070 MHz frequency corresponds

to the sideband frequency peak at 2.236 MHz; (b) 23.077 MHz frequency corresponds to

the sideband frequency peak at 2.300 MHz; (a) 23.085 MHz frequency corresponds to the

sideband frequency peak at 2.398 MHz.
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APPENDIX B

Z-wire magnetic trap

B.0.1 Magnetic field in the Z-wire magnetic trap

In order to describe the position of atom cloud the following coordinate system is used:

the x-axis is horizontal and directed towards the CCD-camera; the y-axis is also horizontal

and parallel to the middle section of the Z wire (Fig. B.1). High gradients of the magnetic

field are created close to the chip surface by passing high currents through the Z- or U-

wires (Fig. 2.1). These trap configurations are well known and the properties of magnetic

potentials are discussed in a number of review papers [105], [106], [107], [108].

Usually it is useful to describe magnetic traps via the introduction of the trap frequen-

cies along the different coordinate axes so that:

ωi =

√
1

m

d2V

dq2
i

(B.1)

where qi are the coordinates x, y and z and V is the trapping potential.

All experiments with BEC described in this thesis have been made in the Z-wire mag-

netic trap and it is important to know its properties. Magnetic fields of the trap can be

approximately calculated in a simplification of the infinitely long central part and semi-

infinite ends of the Z-wire. A current passing through the wires generats a concentric

magnetic field perpendicular to the wires as shown in Fig. B.1. The magnitude of the

magnetic field generated by a single wire is proportional to the current in the wire and

inversely proportional to the distance from the centre of the wires r. It can be calculated
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Figure B.1: Magnetic field generated by a Z-wire on a chip can be calculated in approx-

imation of an infinite central wire and semi-finite ends with the same currents passing
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Figure B.2: (a) View from the right side in Fig. B.1. Blue circle is the central part of the

wire with a current passing out from the plane of picture. To create a local minimum of

magnetic field an additional external uniform magnetic field BxLarge is applied along the

x-axis. (b) View from the front in Fig. B.1. Magnetic field generated from side wires is

lying in the y − z plane.
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in SI units as

|B| = µ0

2π

I

r
(B.2)

On the points of the z-axis the magnetic field is horizontal and to create a local minimum

of the magnetic field it is necessary to add a uniform field BxLarge parallel to the x-axis

(Fig. B.2 (a)). The vector sum of these two magnetic fields Bc (index c stands for central)

has the following projections on the coordinate axis:
Bc
x = BxLarge − |B|cosφ,

Bc
z = −|B|sinφ

<=>


Bc
x = BxLarge − |B| z√

x2+z2
,

Bc
z = −|B| (−x)√

x2+z2

<=>


Bc
x = BxLarge − µ0

2π
I√

x2+z2
z√

x2+z2
,

Bc
z = µ0

2π
I√

x2+z2
x√

x2+z2

<=>


Bc
x = BxLarge − µ0

2π
I

x2+z2 z,

Bc
z = µ0

2π
I

x2+z2x

(B.3)

From which the coordinates of the minimum of |Bc| are equal to
Bc
x = 0,

Bc
z = 0

<=>


z0 = µ0

2π
I

BxLarge
,

x0 = 0

(B.4)

In typical experimental conditions the cloud of atoms is situated at z0 ∼ 1.2 mm from

the central wire and the radial size of the cloud is of the order of 5 µm << z0. For this

reason in the vicinity of the trap minimum x << z ≈ z0 and Eq. B.3 can be rewritten as:

G =
µ0

2π

I

z2
0

=>


Bc
x = G(z0 − z),

Bc
z = Gx

(B.5)

The magnitude of the magnetic field generated by a semi-infinite wire is equal to one

half of the field of an infinite wire, described by Eq. B.2. The modulus of the magnetic

field, generated by the ends of the Z-wire, depends on the x coordinate; however it can be

considered constant in the approximation x << l. Thus the magnetic field from the two
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ends of the Z-wire Be (index e stands for end (Fig. B.2 (b))) is equal to:
Be
y = −|B1|sinα− |B2|sinβ,

Be
z = −|B1|cosα+ |B2|cosβ

<=>


Be
y = −µ0

4π
I√

(l−y)2+z2

z√
(l−y)2+z2

− µ0

4π
I√

(l+y)2+z2

z√
(l+y)2+z2

,

Be
z = −µ0

4π
I√

(l−y)2+z2

l−y√
(l−y)2+z2

+ µ0

4π
I√

(l+y)2+z2

l+y√
(l+y)2+z2

<=>


Be
y = −µ0

4π Iz
[

1
l2−2yl+y2+z2 + 1

l2+2yl+y2+z2

]
,

Be
z = µ0

4π I
[
− l−y
l2−2yl+y2+z2 + l+y

l2+2yl+y2+z2

] <=>


Be
y = − µ0

4π(l2+z2)
Iz
[
(1− 2yl

l2+z2 + y2

l2+z2 )−1 + (1 + 2yl
l2+z2 + y2

l2+z2 )−1
]
,

Be
z = µ0

4π(l2+z2)
I
[
(y − l)(1− 2yl

l2+z2 + y2

l2+z2 )−1 + (y + l)(1 + 2yl
l2+z2 + y2

l2+z2 )−1
]

(B.6)

As follows from symmetry at y = 0 the z-components of B1 and B2 (Fig. B.2 (b))

compensate each other, so the resulting magnetic field of the trap is directed along the y

axis and is not zero for any positive z0. For small deviations from the centre of the trap

the x- and z-components of the magnetic field make little contribution to the total field,

so that Bx << By, Bz << By and thus:

|B| =
√
B2
x +B2

y +B2
z ≈ |By|

(
1 +

B2
x +B2

z

2B2
y

)
(B.7)

The last equation in Eq. B.6 can be expressed in the Taylor expansion around z ≈ z0,

y = 0. As Bx and Bz are squared in Eq. B.7, in the expansion of By the second-order

terms should also be kept:

Be
y = − µ0

4π(l2 + z2)
Iz

[
1−

(
− 2yl

l2 + z2
+

y2

l2 + z2

)
+

(
y2

l2 + z2
− 2yl

l2 + z2

)2

+ ...

+1−
(

2yl

l2 + z2
+

y2

l2 + z2

)
+

(
2yl

l2 + z2
+

y2

l2 + z2

)2

+ ...

]
≈

− µ0

4π(l2 + z2)
Iz

[
1 +

2yl

l2 + z2
− y2

l2 + z2
+

y4

(l2 + z2)2
− 4y3l

(l2 + z2)2
+

4y2l2

(l2 + z2)2
+

1− 2yl

l2 + z2
− y2

l2 + z2
+

y4

(l2 + z2)2
+

4y3l

(l2 + z2)2
+

4y2l2

(l2 + z2)2

]
=

− µ0

4π(l2 + z2)
Iz

[
2− 2y2

l2 + z2
+

2y4

(l2 + z2)2
+

8y2l2

(l2 + z2)2

]
=

− µ0Iz

2π(l2 + z2)

[
1 +

y2(3l2 − z2)

(l2 + z2)2
+

y4

(l2 + z2)2

]
≈ − µ0Iz0

2π(l2 + z2
0)

[
1 +

y2(3l2 − z2
0)

(l2 + z2
0)2

]

(B.8)
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And for the z-component:

Be
z =

µ0

4π(l2 + z2)
I

[
(y − l)

(
1−

(
− 2yl

l2 + z2
+

y2

l2 + z2

)
+ ...

)
+

(y + l)

(
1−

(
2yl

l2 + z2
+

y2

l2 + z2

)
+ ...

)]
≈

µ0

4π(l2 + z2)
I

[
y − l +

2y2l

l2 + z2
− 2yl2

l2 + z2
− y3

l2 + z2
+

y2l

l2 + z2
+

y + l − 2y2l

l2 + z2
− 2yl2

l2 + z2
− y3

l2 + z2
− y2l

l2 + z2

]
=

µ0

4π(l2 + z2)
I

[
2y − 4yl2

l2 + z2
− 2y3

l2 + z2

]
≈ − µ0Iy

2π(l2 + z2
0)2

[
l2 − z2

0

]
(B.9)

So the expression for all three components of the total magnetic field in the Z-wire trap

is: 
Bx = Bc

x +Be
x,

By = Bc
y +Be

y,

Bz = Bc
z +Be

z

<=>


Bx = G(z0 − z),

By = −Goutz0

[
1 +

y2(3l2−z2
0)

(l2+z2
0)2

]
,

Bz = Gx−Gouty
l2−z2

0

l2+z2
0

Gout =
µ0I

2π(l2 + z2
0)

(B.10)

As follows from Eq. B.10 the magnetic field at the trap centre is approximately equal

to Goutz0. In order to be able to control this value we add an external uniform magnetic

field BySmall, so that the lowest value of the magnitude of the magnetic field becomes

B0 = Goutz0 + BySmall. From Eq. B.7 the magnitude of the total magnetic field can be

written as a function of coordinates x, y and z.

|B| ≈ |By|+
1

2|By|
(
B2
x +B2

z

)
≈

B0 +Goutz0
3l2 − z2

0

(l2 + z2
0)2

y2 +
1

2B0

(
G2(z − z0)2 + (Gx−Gout

l2 − z2
0

l2 + z2
0

y)2

)
=

B0 +
1

2B0
G2(z − z0)2+[

1

2B0
G2x2 − 2G

2B0
Gout

l2 − z2
0

l2 + z2
0

xy +

(
Goutz0

3l2 − z2
0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)
y2

]
(B.11)

For a fixed |B| Eq. B.11 is an ellipsoid with the axes of symmetry x′, y′ and z where

x′ and y′ are “old” axes x and y twisted at some angle α in the x-y plane. In the new
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coordinates it can be written x = x′cosα - y′sinα and y = x′sinα + y′cosα, from which:

|B| ≈ B0 +
G2

2B0
(z − z0)2 +

G2

2B0

(
x′2cos2α− 2x′y′cosαsinα+ y′2sin2α

)
−

G

B0
Gout

l2 − z2
0

l2 + z2
0

(
x′2cosαsinα− x′y′sin2α+ x′y′cos2α− y′2sinαcosα

)
+(

Goutz0
3l2 − z2

0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)(
x′2sin2α+ 2x′y′sinαcosα+ y′2cos2α

)
=

B0 +
G2

2B0
(z − z0)2 +

[
G2

2B0
cos2α−

G

B0
Gout

l2 − z2
0

l2 + z2
0

cosαsinα+

(
Goutz0

3l2 − z2
0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)
sin2α

]
x′2+[

− 2G2

2B0
cosαsinα+

G

B0
Gout

l2 − z2
0

l2 + z2
0

sin2α− G

B0
Gout

l2 − z2
0

l2 + z2
0

cos2α+(
Goutz0

3l2 − z2
0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)
2cosαsinα

]
x′y′ +

[
G2

2B0
sin2α+

G

B0
Gout

l2 − z2
0

l2 + z2
0

cosαsinα+

(
Goutz0

3l2 − z2
0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)
cos2α

]
y′2

(B.12)

At the right angle α the cross-product term with x′y′ vanishes, resulting in:

G2

2B0
sin2α+

G

B0
Gout

l2 − z2
0

l2 + z2
0

cos2α =

(
Goutz0

3l2 − z2
0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)
sin2α

<=> tan2α =

G
B0
Gout

l2−z2
0

l2+z2
0

Goutz0
3l2−z2

0

(l2+z2
0)2 +

G2
out

2B0

(l2−z2
0)2

(l2+z2
0)2 − G2

2B0

≈ −2Gout
G

l2 − z2
0

l2 + z2
0

(B.13)

In typical experimental conditions with B0 = 3 G a good estimate for the gradient of

the magnetic field G is 190 G/cm, z0 ∼ 0.12 cm, 2l = 0.6353 cm. From Eqs. B.5 and B.10

it follows that
Gout
G

=
z2

0

l2 + z2
0

≈ 1

8
. For these values Eq. B.13 gives α = −5.4◦ from the

formula for precise value and −5.3◦ from the approximate one. For such small angles α ≈

sinα ≈ tanα ≈ −Gout
G

l2 − z2
0

l2 + z2
0

from Eq. B.13. Now Eq. B.12 can be rewritten with cosα
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= 1:

|B| ≈ B0 +
G2

2B0
(z − z0)2 +

[
G2

2B0
+
G2
out

B0

(l2 − z2
0)2

(l2 + z2
0)2

+(
Goutz0

3l2 − z2
0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)
G2
out

G2

(l2 − z2
0)2

(l2 + z2
0)2

]
x′2+[

G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2
− G2

out

B0

(l2 − z2
0)2

(l2 + z2
0)2

+Goutz0
3l2 − z2

0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

]
y′2 =

B0 +
G2

2B0
(z − z0)2 +

[
G2

2B0
+
G2
out

B0

(l2 − z2
0)2

(l2 + z2
0)2

+(
Goutz0

3l2 − z2
0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)
G2
out

G2

(l2 − z2
0)2

(l2 + z2
0)2

]
x′2 +Goutz0

3l2 − z2
0

(l2 + z2
0)2

y′2

(B.14)

B.0.2 Analytical formulae for the frequencies of the Z-wire magnetic

trap

In the case of the linear Zeeman effect the energy of an atom in the magnetic field is

EM = µB gF mF |B| (B.15)

where µB = 9.27400968(20)·10−24 J ·T−1 is the Bohr magneton, gF is the hyperfine Lande-

factor and mF is the quantum number of the projection of the total angular momentum.

gF ≈ gJ
F (F + 1)− I(I + 1) + J(J + 1)

2F (F + 1)
(B.16)

We work with 87Rb atoms in the ground state 52S 1
2
, so gJ = 2.002 331 13(20) [79]. For

both internal states F = 1, mF = −1 and F = 2, mF = +1 the multiplication gF ·mF ≈
1
2 . Substituting |B| from Eq. B.14 into Eq. B.15 allows to calculate the trap frequencies

from Eq. B.1:

ωx′ =

√
µB
m

[
G2

2B0
+

(
G2

B0
+Goutz0

3l2 − z2
0

(l2 + z2
0)2

+
G2
out

2B0

(l2 − z2
0)2

(l2 + z2
0)2

)
G2
out

G2

(l2 − z2
0)2

(l2 + z2
0)2

]

ωy′ =

√
µBGoutz0

m

(3l2 − z2
0)

(l2 + z2
0)2

ωz = G

√
µB

2mB0

(B.17)

In Eq. B.17 the second and third terms in square brackets for ωx′ make a very little

contribution to the sum so ωx′ ≈ ωz.
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B.0.3 Dipole oscillations of the atom cloud in the trap

During dipole oscillations the position of the cloud centre is a function of time. Variations

in the cloud position at the moment of switching off the trapping fields cannot be registered

by our imaging system (pixel size is 4.5 µm, Section 2.2.4); however the different initial

speeds of the clouds result in measurable variations of the cloud centre coordinates during

imaging. The following refers to the case of vertical dipole oscillations with the largest

deviation from equilibrium denoted as ±z0. The potential energy of the displaced cloud

converts to its initial speed ±v0 at the position z=0:

mω2z2
0

2
=
mv2

0

2
<=> |v0| = wz0,

z1 = g
2 t

2
0 − v0t0 + z0,

z2 = g
2 t

2
0 + v0t0 + z0

=> ∆z = z2 − z1 = 2v0t0

(B.18)

Thus after a time t0 of free fall the initial difference in speed results in 2|v0|t0 difference

in the z-coordinate. Sometimes during free fall an additional kick is also applied (to

separate the components with different magnetic moments). In this case the total time is

the same t0 = t
(1)
0 + t

(2)
0 , where t

(1)
0 is the time before the kick and t

(2)
0 is the time after

the kick and before the imaging. A short kick does not change the position of the cloud,

resulting in the speed change ∆vkick. This leads to a difference of the z-positions for two

clouds with different initial speeds:
z

(1)
1 = g

2(t
(1)
0 )2 − v0t

(1)
0 + z0,

z
(1)
2 = g

2(t
(1)
0 )2 + v0t

(1)
0 + z0

z
(2)
1 = g

2(t
(2)
0 )2 + (∆vkick − v0)t

(2)
0 + z

(1)
1 ,

z
(2)
2 = g

2(t
(2)
0 )2 + (∆vkick + v0)t

(2)
0 + z

(1)
2

∆z = z
(2)
2 − z

(2)
1 = 2v0(t

(1)
0 + t

(2)
0 ) = 2v0t0

(B.19)

The final result is the same as without a kick, Eq. B.18.

In Eq. B.19 it has been neglected the fact that ∆vkick depends on the distance from

the chip, so that it should be slightly different for the two cases with different initial

speeds. However, this is a reasonable approximation as the total distance from the chip is
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∼ 1.2 mm, whereas ∆z before the kick is of the order of 10 µm so the correction is only a

fraction of percent.

B.0.4 Gravity sag in a harmonic magnetic trap

The following considerations describe calculation steps in Eq. 2.9 of Section 2.4. In the

magnetic trap gravity shifts the position of the cloud centre:

E = EM + EG = µBgFmF |B| −mgz ≈

E0 +
mω2

xx
2

2
+
mω2

yy
2

2
+
mω2

z(z − z0)2

2
−mgz =

E0 +
mω2

xx
2

2
+
mω2

yy
2

2
+
m

2

(
ω2
z(z − z0)2 − 2g(z − z0)

)
−mgz0 =

E0 +
mω2

xx
2

2
+
mω2

yy
2

2
+
m

2

(
ω2
z(z − z0)2 − 2g(z − z0) +

g2

ω2
z

)
− mg2

2ω2
z

−mgz0 =[
E0 −

m2g2

2ω2
z

−mgz0

]
+
mω2

xx
2

2
+
mω2

yy
2

2
+
m

2
ω2
z

(
z −

[
z0 +

g

ω2
z

])2

(B.20)
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APPENDIX C

Impedance matching and rf transformer operation

C.0.5 Voltage and current amplitudes with a complex load

x

Δx

V(x) V(x+Δx)

I(x) I(x+Δx)

Figure C.1: Lossless transmission line formed by two parallel conductors.

Let us consider the rf field signal propagation in a transmission line formed by two

parallel conductors (Fig. C.1). In the case of a short transmission line (any BNC cable in

the experiment is just a few meters long) ohmic losses can be neglected. Then for the line

segment ∆x it can be written from Kirchhoff’s law (or simply using the definition of the
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inductance for the upper line):

V (x)− V (x+ ∆x) = L∆x
∂I

∂t
<=> −∆V

∆x
= L

∂I

∂t
(C.1)

where the inductance per unit length is labelled as L and C is the capacitance per unit

length. At the same time the charge collected inside the upper line can be written:

Q = C∆x(V (x)− V (x+ ∆x)) = (I(x+ ∆x)− I(x))dt <=> C
∆V

dt
= −∆I

∆x
(C.2)

from which in the limit of ∆x→ 0 one gets:

−∂V
∂x

= L
∂I

∂t
,

−∂I
∂x

= C
∂V

∂t

(C.3)

The functions V (x, t) and I(x, t) in Eq. C.3 can be separated by a second partial

derivative and the result is called the Telegrapher’s equations [109], [110]:

∂2V

∂x2
= LC

∂2V

∂t2
,

∂2I

∂x2
= LC

∂2I

∂t2

(C.4)

Any function of (x ∓ 1√
LC
t) is the solution for these equations but the most well-

known results are V = V±e
i(ωt∓kx) and I = I±e

i(ωt∓kx) where ω
k = 1√

LC
. The solution

V = V+e
i(ωt−kx) is the wave moving in the positive direction of the x-axis, i.e., towards

the load. The second solution V = V−e
i(ωt+kx) is the reflected wave moving into the

opposite direction and v = ω
k is the phase velocity of both waves. V± are in general

complex functions, so V− includes also a possible phase shift due to reflection. Inserting

these solutions into either of part of Eq. C.3 one can get:

V± = I±L(±ω
k

) = ±I±

√
L

C
(C.5)

The parameter Z =
√

L
C is called the characteristic impedance of the transmission line

and Eq. C.5 shows its physical meaning as a coefficient of proportionality between V± and

I±. In the experiment the chip wire is connected with an output 50 Ω impedance of the

rf amplifier by using a BNC cable with a characteristic impedance of 50 Ω.

Whenever an incident wave in the transmission line with a characteristic impedance

Z1 comes to a junction with another impedance Z2 (it can be anther transmission line or
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VS

RS

ZL

Source Transmission line Load

VLVin

IL

-l 0

l

x

Zin

Figure C.2: Matching of an rf field source with a transmission line terminated by a complex

load.

a load) it splits into reflected and transmitted waves. Labelling the voltage amplitudes

of the incident and reflected waves as V1+ and V1− and the amplitude of the transmitted

wave as V2+, at the junction point it can be written:

V2+ = V1+ + V1−,

I2+ = I1+ + I1−

(C.6)

Replacing the voltages by currents (Eq. C.5), one gets the solution:
I2+Z2 = I1+Z1 − I1−Z1,

I2+ = I1+ + I1−

=>


I1− = Z1−Z2

Z1+Z2
I1+,

I2+ = 2Z1
Z1+Z2

I1+

<=>


V1− = Z2−Z1

Z1+Z2
V1+,

V2+ = 2Z2
Z1+Z2

V1+

(C.7)

Equation C.7 shows that reflection of the wave is always present when Z1 6= Z2. The

coefficient γ = Z2−Z1
Z1+Z2

is called a voltage reflection coefficient and the negative sign in it

means that reflected wave has a π phase shift.
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Let us deduce the input impedance of the circuit, shown in Fig. C.2, constructed by

a lossless transmission line with length L, characteristic impedance Z0 and complex load

ZL at the end of the line [111], [112]. At x = 0 it can be written:

ZL =
VL
IL

=
V+e

i(ωt−k·0) + V−e
i(ωt+k·0)

I+ei(ωt−k·0) + I−ei(ωt+k·0)
=>

ZL =
V+ + V−
V+ − V−

Z0 =
1 + γ

1− γ
Z0

(C.8)

Then at any point x one can write:
V (x) = V+e

i(ωt−kx) + V−e
i(ωt+kx),

I(x) = I+e
i(ωt−kx) + I−e

i(ωt+kx)

<=>


V (x) = V+e

i(ωt−kx) + V−e
i(ωt+kx),

I(x) = V+

Z0
ei(ωt−kx) − V−

Z0
ei(ωt+kx)

<=>


V (x) = V+e

iωt(e−ikx + γeikx),

I(x) = V+

Z0
eiωt(e−ikx − γeikx)

(C.9)

which gives the solution for Z(x) and for x = −l in particular:

Z(x) = Z0

[
1 + γe2ikx

1− γe2ikx

]
,

Zin(−l) =
Vin(−l)
Iin(−l)

= Z0

[
1 + γe−2ikl

1− γe−2ikl

] (C.10)

As a consequence when the impedance is matched, i.e., ZL = Z0 => γ = 0 and

Zin = ZL, the usual Ohm’s law can be used to calculate the properties of the circuit just

like there is no transmission line at all. Whereas in the mismatched case the amplitudes

of the voltage and the current are not constant along the transmission line. Their values

at a distance l from the load can be obtained from Eq. C.9 with x = −l:
V (−l) = V+e

iωt(eikl + γe−ikl),

I(−l) = V+

Z0
eiωt(eikl − γe−ikl)

(C.11)

The reflection coefficient γ can be rewritten as |γ|eiφ (after all, γ is just a complex
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number), then the module of the amplitude at x = −l is equal to:
|V (−l)| = |V+|

[
(eikl + |γ|eiφe−ikl)(e−ikl + |γ|e−iφeikl)

] 1
2 ,

|I(−l)| = |V+|
Z0

[
(eikl − |γ|eiφe−ikl)(e−ikl − |γ|e−iφeikl)

] 1
2

=>


|V (−l)| = |V+|

[
(1 + 2|γ|cos(φ− 2kl) + |γ|2

] 1
2 ,

|I(−l)| = |V+|
Z0

[
(1− 2|γ|cos(φ− 2kl) + |γ|2

] 1
2

(C.12)

Thus, the amplitude of the voltage and the current are changing periodically along the

transmission line. Also from Eq. C.12 the maximum of the voltage amplitude corresponds

to the minimum of the current amplitude. It can be easily explained by the fact that the

impedance Z(x) is also varying along the transmission line.

If for the circuit shown in Fig. C.2 the parameters VS = |VS |eiωt, RS = Z0, ZL, l are

known, then the signal generator sees the transmission line with a load impedance as an

equivalent Zin:

IS =
|VS |

Zin +RS
eiωt =

|VS |
Zin + Z0

eiωt,

Vin =
|VS |Zin
Zin + Z0

eiωt
(C.13)

Inserting the expression for Zin from Eq. C.10 allows one to get:

Vin =
|VS |Z0

[
1+γe−2ikl

1−γe−2ikl

]
Z0

[
1+γe−2ikl

1−γe−2ikl

]
+ Z0

eiωt =

|VS |Z0

(
1 + γe−2ikl

)
Z0 (1 + γe−2ikl + 1− γe−2ikl)

eiωt =
|VS |

2

(
1 + γe−2ikl

)
eiωt

(C.14)

On the other hand the expression for Vin is known from Eq. C.11:
Vin = |VS |

2

(
1 + γe−2ikl

)
eiωt,

Vin = V+e
ikl(1 + γe−2ikl)eiωt

=>

V+ =
|VS |

2
e−ikl

(C.15)

Thus the voltage and the current of the load (x = 0) can be written (using Eq. C.9):
VL = |VS |

2 e−ikleiωt(1 + γ),

IL = |VS |
2Z0

e−ikleiωt(1− γ)

(C.16)
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Let us consider the case of a pure reactive impedance, i.e. ZL = iX where X is a real

variable. Then for the reflection coefficient γ it follows:

γ =
iX − Z0

iX + Z0
,

|γ|2 =
(iX − Z0)(−iX − Z0)

(iX + Z0)(−iX + Z0)
=

(X2 + Z2
0 )

(X2 + Z2
0 )

= 1

(C.17)

As a result the module of γ is 1, or γ = eiφ0 :
γ = iX−Z0

iX+Z0
=

X2−Z2
0

X2+Z2
0

+ 2XZ0

X2+Z2
0
i,

γ = cosφ0 + isinφ0

=>

cosφ0 =
X2 − Z2

0

X2 + Z2
0

(C.18)

Then the amplitude of the voltage and current at the load can be expressed as (from

Eq. 2.17): 
|VL| = |VS |

2 (2 + 2cosφ0)
1
2 = |VS |

2

[
2 · X

2+Z2
0+X2−Z2

0

X2+Z2
0

] 1
2
,

|IL| = |VS |
2Z0

(2− 2cosφ0)
1
2 = |VS |

2Z0

[
2 · X

2+Z2
0−X2+Z2

0

X2+Z2
0

] 1
2

<=>


|VL| = |VS | |X|

(X2+Z2
0 )

1
2
,

|IL| = |VS |
Z0

Z0

(X2+Z2
0 )

1
2

= |VS |
(X2+Z2

0 )
1
2

(C.19)

As described in Section 2.8 two capacitors are used in our rf circuit to decouple the

AC-circuit from the DC current (Fig. 2.16). To maximize the current amplitude through

the load the impedance X should be small and for this reason a pair of 1 µF capacitors

was chosen. For a series connection with a capacitor on each side of the U-wire, the total

capacitance becomes 0.5 µF and for a frequency of 25 MHz the capacitive part of the

impedance XC = − 1
ωC = -0.08 Ω << Z0 = 50 Ω. From Eq. C.19 it follows that for a

small reactive impedance of the load the amplitude of the current is |IL| = |VS |
Z0

; however,

in the case of the considerable inductance of the chip wires the magnitude of the current

is reduced.

C.0.6 Measurement of the U-wire impedance

For the measurement of the U-wire impedance an oscilloscope is connected parallel to the

chip circuit (which consists of the U-wire and two 1 µF capacitors on each side of the
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wire). The input impedance of the scope channel is set to Z0 = 50 Ω to be matched with

the connecting BNC cable, which changes the load impedance of the total load from iX

to ZL:

ZL =
Z0iX

Z0 + iX
,

γ =
ZL − Z0

ZL + Z0
=

Z0iX
Z0+iX − Z0

Z0iX
Z0+iX + Z0

=

− Z2
0

2iXZ0 + Z2
0

= − Z0

2iX + Z0
,=>

|γ| = Z0√
Z2

0 + 4X2
,

γ = − Z0

Z2
0 + 4X2

(Z0 − 2iX) = − Z2
0

Z2
0 + 4X2

+
2iXZ0

Z2
0 + 4X2

,

cosφ =
Re(γ)

|γ|
= − Z0√

Z2
0 + 4X2

(C.20)

From Eq. 2.17 the amplitudes of the voltage and current at the oscilloscope can be written:
|VL| = |VS |

2

√
1− 2Z2

0

Z2
0+4X2 +

Z2
0

Z2
0+4X2 = |VS |

2

√
1− Z2

0

Z2
0+4X2 ,

|IL| = |VS |
2Z0

√
1 +

2Z2
0

Z2
0+4X2 +

Z2
0

Z2
0+4X2 = |VS |

2Z0

√
1 +

3Z2
0

Z2
0+4X2

(C.21)

C.0.7 Rf transformer operation

This section considers the operation of an rf transformer for the general case with a complex

load (Fig. 2.18). The inductance of the primary windings of the transformer is labelled as

L1, the inductance of the secondary windings as L2 and their mutual inductance as M .

These quantities can be calculated from the known number of turns in the windings [111].

If L0 is the inductance of a single turn in the winding then the total magnetic flux created

by N1 turns is N1L0I1. In the approximation that the total magnetic flux from each turn

goes through all the other turns of both coils one can write that the total flux through the

second windings is N2N1L0I1 but it is also equal to MI1 (by definition), so M = N2N1L0.

Similarly, for self-inductances of the windings L1 = N2
1L0, L2 = N2

2L0, from which it can

be written for an ideal transformer:

M2 = L1L2 (C.22)
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According to Eq. C.9 and Kirchhoff’s law at x = 0:
V1 = V+e

iωt + V−e
iωt,

V1 = L1
dI1
dt +M dI2

dt


V2 = I2ZL,

V2 = −M dI1
dt − L2

dI2
dt

(C.23)

From Lenz’s law the sign of the induced current through the secondary winding is opposite

[111] and a harmonic oscillation of the current I2 = I ′2e
iωt is assumed (as before, I ′2 is a

complex number which includes a phase difference between the currents in the primary

and the secondary windings of the transformer). Thus Eq. C.23 can be rewritten as:
V+e

iωt + V−e
iωt = L1

dI1
dt +M dI2

dt ,

I2ZL = −M dI1
dt − L2

dI2
dt

<=>


Z0e

iωt(I+ − I−) = L1
d(I++I−)

dt +M dI2
dt ,

I2ZL = −M d(I++I−)
dt − L2

dI2
dt

<=>


Z0e

iωt(I+ − I−) = L1iωe
iωt(I+ + I−) + iωMI ′2e

iωt,

I ′2e
iωtZL = −iωMeiωt(I+ + I−)− iωL2I

′
2e
iωt

<=>


(Z0 + L1iω)I− + iωMI ′2 = (Z0 − L1iω)I+,

iωMI− + (iωL2 + ZL)I ′2 = (−iωM)I+

(C.24)

This system of equations can be solved to express I− and I ′2 through I+:

∆ = (Z0 + L1iω)(iωL2 + ZL)− (iωM)iωM =

Z0iωL2 − ω2L1L2 + ZLZ0 + ZLL1iω + ω2M2 = ZLZ0 + iω(ZLL1 + Z0L2)
(C.25)

where Eq. C.22 has been used for the last simplification in Eq. C.25. The solution of

Eq. C.24 in matrix form is:I−
I ′2

 =
1

∆

(iωL2 + ZL) −iωM

−iωM (Z0 + L1iω)

(Z0 − L1iω)I+

(−i)I+

 (C.26)

or for the amplitude I ′2 in particular:

I ′2 =
I+

∆

(
−iωMZ0 − ω2L1M − iωMZ0 + ω2L1M

)
= −2iωMZ0

∆
I+ (C.27)
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It is easy to see that for high frequencies ω in the impedance matched case (ZLZ0
=

N2
2

N2
1

=

L2
L1

): ∆ ≈ iω(ZLL1 +Z0L2) = 2iωL0N
2
2Z0, from which I ′2 ≈ I+

(
−2iωN1N2L0Z0

2iωL0N2
2Z0

)
= −I+

N1
N2

in full accordance with Eq. C.22.

Let us investigate which value of ZL (in the general case it is a complex value) maximizes

the amplitude of the current |I ′2| in Eq. C.27 . As ZL is present only in the denominator

then the task is equivalent to minimization of |∆|. The impedance ZL can be expressed,

consisting of two parts x+ iy, from which:

∆(ZL) = ZLZ0 + iω(ZLL1 + Z0L2) = (xZ0 − yL1ω) + i(yZ0 + xL1ω + Z0L2ω),

∆2(x, y) = ∆∆∗ = x2Z2
0 − 2xyZ0L1ω + y2L2

1ω
2+

y2Z2
0 + x2L2

1ω
2 + Z2

0L
2
2ω

2 + 2xyZ0L1ω + 2xZ0L1L2ω
2 + 2yZ2

0L2ω =

(x2 + y2)(Z2
0 + L2

1ω
2) + 2xZ0L1L2ω

2 + 2yZ2
0L2ω + Z2

0L
2
2ω

2

(C.28)

where x ≥ 0 and y are independent variables. As all coefficients in Eq. C.28 are positive

then the minimum possible value of x = 0 minimizes the ∆ which simplifies Eq. C.28 down

to:

∆2(y) = y2(Z2
0 + L2

1ω
2) + 2yZ2

0L2ω + Z2
0L

2
2ω

2 (C.29)

This is a parabolic dependence with a minimum at its vertex. To find the vertex

coordinate one needs to solve the equation:(
∆2(y)

)′
= 0 <=> 2y(Z2

0 + L2
1ω

2) + 2Z2
0L2ω = 0,

y = − Z2
0L2ω

Z2
0 + L2

1ω
2
,=>

∆2
min =

Z4
0L

2
2ω

2

Z2
0 + L2

1ω
2
− 2Z4

0L
2
2ω

2

Z2
0 + L2

1ω
2

+
Z4

0L
2
2ω

2 + Z2
0L

2
1L

2
2ω

4

Z2
0 + L2

1ω
2

(C.30)

Thus, |I ′2|max from Eq. C.27 can be found as:

|∆|min =
√

∆2
min =

Z0L1L2ω
2√

Z2
0 + L2

1ω
2
,

|I ′2|max = |I+|
20N1N2Z0

Z0L2
0N

2
1N

2
2ω

2

√
Z2

0 + L2
0N

4
1ω

2 =

2|I+|

√
Z2

0

L2
0N

2
1N

2
2ω

2
+
N2

1

N2
2

(C.31)
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It is interesting to note that if ZL = 0 then:

I ′2 = −2i1N2L0Z0

i22L0Z0
I+ = −2N1

N2
I+,=>

|I ′2| =
|VS |
Z0

N1

N2

(C.32)

where in the last simplification Eq. C.15 was recalled.

Thus the rf transformer enhances the current amplitude by a factor of N1
N2

compared

to Eq. 2.17 for the ZL = 0 case without a transformer. However, in the rf transformer

circuit ZL = 0 does not correspond to the maximum current case as the highest current

enhancement from Eq. C.31 is equal to

√
Z2

0

L2
0N

2
1N

2
2ω

2 +
N2

1

N2
2

.

Our aim of rf transformer implementation is to match the load with the transmission

line to minimize the reflected wave that causes instabilities during the experiment and at

the same time to increase the current through the load compared with the matched case

without an rf transformer. To achieve impedance matching an additional capacitor and a

resistor in series with the chip-wire were implemented. For the matched circuit ZL should

minimize the amplitude of the reflected wave |I−| which from Eq. C.26 is equal to:

|I−| =
∣∣∣∣ZLR0 + iω(R0L2 − ZLL1)

ZL(R0 + iL1ω) + iR0L2ω

∣∣∣∣ |I+| ≈
∣∣∣∣ZLR0 + iω(R0L2 − ZLL1)

iω(R0L2 + ZLL1)

∣∣∣∣ |I+| (C.33)

where the last step can be explained as follows: from the specification for our rf transformer

it is known that L0 = 2 µH. Thus for frequencies of ∼ 25 MHz ZL1 = L1ω ∼ 7.5 kΩ >>

R0 = 50 Ω. Then the case R0L2 − ZLL1 = 0 (ZL = L2
L1
R0) transforms Eq. C.33 into:

|I−| ≈
∣∣∣∣ ZLR0

2iZLL1ω

∣∣∣∣ |I+| =
∣∣∣∣ R0

2iL1ω

∣∣∣∣ |I+| =
1

300
|I+| ≈ 0 (C.34)

i.e., ZL = L2
L1
R0 is the solution for the matched case.

C.0.8 Tuning the rf generation circuit to a certain frequency range

As in the case for the measurement of the U-wire impedance, the 50 Ω channel of the

oscilloscope is connected to the end of the BNC cable with the rf signal (parallel to the

primary windings of the rf transformer (Fig. 2.19)). As before x=0 is chosen at the

transformer position. For the current I1 one can write:

I+e
iωt + I−e

iωt = I1 + I3, =>

I1 = I+e
iωt + I−e

iωt − I ′3eiωt
(C.35)
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with the voltage on the oscilloscope equal to:

V3 = I3R0 = I ′3e
iωtR0 (C.36)

Substitution of I1 from Eq. C.35 into Eq. C.23 gives:
V3 = V+e

iωt + V−e
iωt = I+R0e

iωt − I−R0e
iωt,

V3 = L1
dI1
dt +M dI2

dt = iL1ω (I+ + I− − I ′3) eiωt + iMωI ′2e
iωt

V2 = I2ZL = I ′2e
iωtZL,

V2 = −M dI1
dt − L2

dI2
dt = −iωMeiωt

(
I+ + I− − I ′3)− iωL2I

′
2e
iωt

(C.37)

From Eq. C.36 and the first line of Eq. C.37 it follows:

I ′3R0e
iωt = I ′+R0e

iωt − I ′−R0e
iωt <=> I ′3 = I+ − I− (C.38)

from which:
I+R0e

iωt − I−R0e
iωt = iL1ω (I+ + I− − I+ + I−) eiωt + iMωI ′2e

iωt,

I ′2e
iωtZL = −iωMeiωt

(
I+ + I− − I+ + I−)− iωL2I

′
2e
iωt

(C.39)

Similarly, as in Appendix C.0.7 the solution of the system of equations C.39 can be

written in matrix form:I−
I ′2

 =
1

∆

(ZL + iL2ω) −2iMω

−iMω (R0 + 2iL1ω)

I+R0

0

 (C.40)

where the ∆ is given by:

∆ = ZLR0 + iL2ωR0 + 2iL1ωZL − 2L1L2ω
2 + 2M2ω2 =

ZLR0 + iω(2L1ZL + L2R0)
(C.41)

Now the expression for V3 can be written using Eq. C.37:

V3 = (I+ − I−)R0e
iωt =

(
1− R0 (ZL + iL2ω)

ZLR0 + iω(2L1ZL + L2R0)

)
I+R0e

iωt =

2iL1ωZL
∆

I+R0e
iωt

(C.42)

Let ZL = x+ iy, and substituting into Eq. C.42 gives:

V3 =
2iL1ωx− 2L1ωy

xR0 − 2L1ωy + i(yR0 + 2L1ωx+ L2ωR0)
I+R0e

iωt, =>

|V3| =
|Vs|
2

√
(2L0N2

1ωx)2 + (2L0N2
1ωy)2

(xR0 − 2L0N2
1ωy)2 + (yR0 + 2L0N2

1ωx+ L0N2
2ωR0)2

(C.43)



152 Impedance matching and rf transformer operation

Equation C.43 is the exact solution; however to understand its physical meaning Eq. C.42

can be simplified as:

|V3| =
|Vs|
2

∣∣∣∣ 2iL1ωZL
ZL(R0 + 2iL1ω) + iR0L2ω)

∣∣∣∣ ≈ |Vs|2

∣∣∣∣ 2ZLL1

2ZLL1 +R0L2

∣∣∣∣ =

|Vs|
2

√
(2L1x)2 + (2L1y)2

(2L1x+R0L2)2 + (2L1y)2

(C.44)

For a particular set of R, C and CC in the circuit in Fig. 2.19, x is a constant and y is a

function of ω. Let us analyze the function f(y) = (2L1x)2+(2L1y)2

(2L1x+R0L2)2+(2L1y)2 :

f ′(y) =
2(2L1)2y((2L1x+R0L2)2 + (2L1y)2)− 2(2L1)2y((2L1x)2 + (2L1y)2)

((2L1x+R0L2)2 + (2L1y)2)2
=

2(2L1)2y((2L1x+R0L2)2 − (2L1x)2)

((2L1x+R0L2)2 + (2L1y)2)2

f ′(y) = 0 <=> y = 0

(C.45)

from which it follows that |V3| as a function of ω has one minimum where the reactive

part of ZL becomes zero.

|V3|min ≈
|Vs|
2

(
2L1x

2L1x+R0L2

)
(C.46)

Thus for the impedance matched case (Eq. 2.23) one can set x = L2
L1
R0, from which

|V3| ≈ |Vs|3 .



APPENDIX D

Shape of the mw spectroscopy line

D.0.9 Effect of gravity sag on the spectroscopy line

This part of the Appendix is an addition to Section 3.1.2, which describes the mw spec-

troscopy line of the trapped BEC clouds. The total energy of the atoms in state |1〉, F=1,

mF=−1:

E−1(x′, y′, z′) = µBmF gfB0 +
M(ω2

xx
′2 + ω2

yy
′2 + ω2

zz
′2)

2
−Mgz′ + χn(x′, y′, z′),

E−1(x, y, z) = µBmF gfB0 +
Mω2(x2 + y2 + z2)

2
−Mg

ω

ωz
z + χn(x, y, z)

(D.1)

where B0 is the minimum of the magnetic field, M is the mass of atoms, the χn(x′, y′, z′)

term describes the atomic interaction energy and n(x′, y′, z′) is the number density. The

energy of the untrapped state F=2, mF=0 is raised by the hyperfine splitting Ehf = 6

834 682 610.9 Hz between the F=1 and F=2 without the magnetic field:

E0 = Ehf −Mg
ω

ωz
z + χn(x, y, z) (D.2)

Assuming that the interaction parameter χ is the same for both internal states, the tran-

sition frequency

hf(r) = E0 − E−1 = Ehf − µBmF gfB0 −
Mω2r2

2
(D.3)

depends only on the modulus of the distance r =
√
x2 + y2 + z2 from the minimum of the

magnetic field in the new coordinate system (Eq. 3.5) (Fig. D.1).
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z

y

x

r

R0

ϑ1zg

ϕ0

z

Figure D.1: Cartesian and spherical coordinate systems used for calculating the atom

number resonant with a particular value of the mw frequency.

The presence of gravity does not change the Thomas-Fermi shape [76] of atoms in the

harmonic trap with the same trap frequencies, shifting only the position of the cloud centre

(Eq. B.20 in Appendix B.0.4).

n(x, y, z) =
1

χ

(
µ− Mω2(x2 + y2 + (z − zg)2)

2

)
=>

n(r, θ) =
1

χ

(
µ−

Mω2z2
g

2
− Mω2r2

2
+Mω2zgrcosθ

)
= C − αr2 + βrcosθ

(D.4)
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where C = µ
χ −

Mω2z2
g

2χ , α = 1
χ
Mω2

2 and β = 1
χMω2zg. The number of atoms dN that are

resonant at a particular frequency can be calculated as:

dN =

∫∫
φθ
n(r, θ)r2sinθdrdθdφ = 2πr2dr

∫
(C − αr2 + βrcosθ)sinθdθ =

2πr2dr

[
(C − αr2)(−cosθ)

∣∣∣θ1
0

+
1

4
βr(−cos2θ)

∣∣∣θ1
0

]
=

2πr2dr

[
(C − αr2)(1− cosθ1) +

1

4
βr(1− cos2θ1)

]
=

2πr2dr

[
(C − αr2)(1− cosθ1) +

1

2
βr(1− cos2θ1)

]
=

2πr2dr

[
(C − αr2)(1− cosθ1) +

1

2
βr(1− cosθ1)(1 + cosθ1)

]
=

2πr2(1− cosθ1)dr

[
C − αr2 +

1

2
βr(1 + cosθ1)

]

(D.5)

Equation D.5 gives the general solution to the problem; however, the result can be

simplified by considering two different cases: zg ≥ R0 or zg < R0. Let us start with the

first case shown in Fig. D.1.

We assume that the atomic cloud maintains a Thomas-Fermi profile which leads to the

bounding relation between r and θ1: C − αr2 + βrcosθ1 = 0, from which:

dN = 2πr2(1− cosθ1)dr

[
C − αr2 +

1

2
βr(1 + cosθ1)

]
=

2πr2(1− cosθ1)dr

[
C − αr2 + βrcosθ1 +

1

2
βr(1− cosθ1)

]
=

πβr3(1− cosθ1)2dr

(D.6)

In the plane of the axes z, r and R0 (Fig. D.1) one can use the law of cosines end express

cosθ1 through r and R0:

cosθ1 =
z2
g −R2

0 + r2

2rzg
, =>

1− cosθ1 =
2rzg − z2

g +R2
0 − r2

2rzg
=
R2

0 − (r − zg)2

2rzg
=

((zg +R0)− r)(r − (zg −R0))

2rzg

(D.7)

from which the final dependence follows:

dN(r) =
πβr

4z2
g

((zg +R0)− r)2(r − (zg −R0))2dr (D.8)
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z

y

x

R0

zg

0

Figure D.2: In the case zg < R0 Eq. D.5 describes two different cases outlined by grey

(Eq. D.8) and white (Eq. D.9) colours.

In the case zg < R0 Eq. D.8 considers only a part of the cloud (Fig. D.2). This effect

can be accounted for by the calculation of the number of atoms dN for r ∈ [0, R0 − zg]

(zg<R0 case) and setting θ1=π in Eq. D.5:

dN = 4πr2

(
µ

χ
−
Mω2z2

g

2χ
− 1

χ

Mω2

2
r2

)
dr =

4πr2

(
Mω2R2

0

2χ
−
Mω2z2

g

2χ
− 1

χ

Mω2

2
r2

)
dr

(D.9)

where from Eq. D.4 it follows that n(x, y, z) = 0 at the border of the cloud and thus

µ =
Mω2R2

0
2 .

The final result for the whole range of r is a piecewise defined function:
dN = 1

χMω22πr2

(
R2

0 − z2
g − r2

)
dr, r ∈ [0, R0 − zg]

dN = 1
χMω2 π

4zg
r

(
R2

0 − (r − zg)2

)2

dr, r ∈ [R0 − zg,R0 + zg]

(D.10)
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Equation D.3 can be rewritten to express r as a function of f :
r = 1

ω
√
M

√
2(Ehf − µgfB0 − hf),

dr = − 1
ω
√
M

h√
2(Ehf−µgfB0−hf)

df
<=>


r = 1

T

√
fm − f,

rdr = − 1
2T 2df

(D.11)

where fm = 1
h(Ehf − µBmF gfB0) and T =

√
Mω2

2h .

The radius r changes in the range [zg − R0, zg + R0] ([0, zg + R0] in the zg < R0

case) along the size of the BEC. The corresponding resonant frequencies change according

to Eq. D.3 from fm -
Mω2(zg−R0)2

2h (fm in the zg < R0 case) to fm -
Mω2(zg+R0)2

2h . So

the resonant frequency decreases with the increase of r which explains the negative sign

in Eq. D.11 for the differentials. The minus sign should be omitted with changing the

frequency f from the minimum value to the maximum in the range [fm -
Mω2(zg+R0)2

2h , fm

-
Mω2(zg−R0)2

2h ] ([fm -
Mω2(zg+R0)2

2h , fm] in the zg < R0 case).

It is important to remember that in Eq. D.10 the parameters zg and R0 are not the

real gravitational sag z′g and the BEC Thomas-Fermi radius R′0 because of the change to

the new coordinate system. From Eq. 3.5 it can be written:
z′g = zg

ω
ωz

= zg
ω
ωr
,

R′y = R0
ω
ωz

= R0
ω
ωax

,

R′z = R′x = R0
ω
ωr

(D.12)

The range of resonant frequencies for different parts of the condensate (the total width

of the spectroscopy line) can be calculated as r changes from zg − R0 to zg + R0 (in the

case zg ≥ R0):

∆f = fmax − fmin =

1

h

[
Ehf − µgfB0 −

Mω2(zg −R0)2

2

]
− 1

h

[
Ehf − µgfB0 −

Mω2(zg +R0)2

2

]
=

2

h
Mω2zgR0 =

2

h
MgR′z ≈ 20 (kHz)

(D.13)

Here it is set z′g ∼ 25 µm; R′z ∼ 5 µm for ω = 2π·100 (Hz) at 3.23 G at the trap

bottom. The frequencies of the trap have been measured in a separate experiment and

the Thomas-Fermi radius has been estimated from the known total number of atoms and

the trap frequencies.
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Figure D.3: The red curve shows the Thomas-Fermi radius of the BEC cloud consisting

of 2·105 atoms at different magnetic trap bottoms. The black curve represents the ratio

zg
R0

with respect to the magnetic field. In the calculations the values of the Z-wire current

and BxLarge are kept constant.

In the zg ≥ R0 case the function Φ2(f) in Eq. 3.6 describes the whole profile of the

spectroscopy line. It is easy to find the frequency corresponding to the peak of the coupling

profile:

y(f) = A

(
R2

0 − (

√
fm − f
T

− zg)2

)t
y′(f) = At

(
R2

0 − (

√
fm − f
T

− zg)2

)t−1

× (

√
fm − f
T

− zg)
1

T
√
fm − f

(D.14)

The derivative y′(f) changes sign from positive to negative at the point where
√
fm−f
T =

zg, from which it follows that fmax = fm−T 2z2
g . Figure D.3 illustrates the dependence of

the Thomas-Fermi radius R0 and the ratio
zg
R0

on the magnetic field. For magnetic fields

larger than 0.3 G the gravity sag zg is greater than R0 and thus the maximum number

of coupled atoms corresponds to the radius-vector which goes through the centre of the

BEC cloud.
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D.0.10 Uncertainty of magnetic field measurement

The standard method for computation of the uncertainties for a calculable parameter is

the partial derivatives method. Equation 3.15 can be expressed in a differential form:
df = gIµB

h dB +
νhfs

2
−dx+2xdx
2
√

1−x+x2
+

νhfs
2

2xdx
2
√

1+x2
,

dx = (gJ−gI)µB
hνhfs

dB

=>

∆B =
1

gIµB
h + (gJ−gI)µB

2h

(
2x−1

2
√

1−x+x2
+ x√

1+x2

)∆f = C∆f

(D.15)

Similarly, for the computation of the resonant frequency, corresponding to the centre

of the BEC cloud (Eq. 3.7):

ω =
A√
B
, => f0 = fm − T 2(z0

g)2 = fm −
Mg2

2hA2
B,

∆f0 =

√
(∆fm)2 +

(
Mg2

2hA2
∆B

)2
(D.16)

where Eq. B.17 was used to express the normalized trap frequency ω.

D.0.11 Step function and the mw spectroscopy fitting formulae

A Heaviside step function stf(r) can be employed to express the total piecewise defined

profile of the mw spectroscopy, Eq. 3.12, as the sum of the continuous functions. There

are different analytical functions that approximate the step function and our choice is the

following:

stf(x) = 0.5 +
1

π
tan−1(d× x) (D.17)

This function is shown in Fig. D.4. In our fitting formulae the parameter d is chosen

to be 1016 m−1 to make the slopes of the Heaviside function steeper. Thus Eq. 3.12 for

all ranges of zg can be written as one function:

dN =
∑(

Φ1 × stf(r + zg −R0) + Φ2 × stf(R0 − zg − r)
)

(D.18)

The integration over frequency (ν) in Eq. 3.12 is replaced by the sum of N summands,

dividing the range of frequencies into N frequency intervals. The same step function is
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Figure D.4: Graphic representation of the step function sft(x), approximated by the

Eq. D.17.

employed to combine two possible ranges of the frequencies for the cases zg ≥ R0 and

zg < R0:
fmin = fm − r2

maxT
2 = fm − (zg +R0)2T 2,

fmax = fm − r2
minT

2 = fm − stf(zg −R0)(zg −R0)2T 2,

fk = fm − (zg +R0)2T 2 +
k

N

[
(zg +R0)2T 2 − (zg −R0)2T 2 · stf(zg −R0)

] (D.19)

from which it can be written for rk:

rk =

√
(zg +R0)2T 2 − k

N

[
(zg +R0)2T 2 − (zg −R0)2T 2 · stf(zg −R0)

]
T

(D.20)
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Thus Eq. D.18 becomes:

dN =
∑
k,t

[
8A× stf

(
R0 − zg−√

(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

])
×√

(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

]
×(

k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

]
− 2z2

g − 2zgR0

)
+

A

zg
stf

(
−R0 + zg+√

(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

])
×

(
R2

0 −
(√

(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

]
− zg

)2)2]
×

df

4

(
f − fm + (zg +R0)2T 2−

k

N
T 2

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

])2

+ ∆2

(D.21)

where the summation over time t considers the replacement of the integral over time in

Eq. 3.12 by the sum (analogous to integration over the frequency ν) and the substitution

zg = z0
g + d · cos(ωt).
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APPENDIX E

Shape of the rf induced atom loss curve during molecule

associations

E.0.12 Two-body losses in a two-component BEC

All atoms in a pure BEC in a harmonic trap have the same energy. The difference of

the magnetic and the gravitational potential along the BEC cloud is compensated by the

mean field potential due to atomic collisional interactions. The creation of a coherent

superposition of the states |1〉 and |2〉 (Section 2.5) disturbs the equilibrium state and

induces collective oscillations of the different components in the BEC [90], [65] as the

scattering lengths a11, a12 and a22, responsible for the atomic interactions are not equal

to each other. All atoms exist in the superposition of the two states |1〉 and |2〉 but this

can be treated as two different coherent BECs. Usually in the prepared superposition

one cloud contains most (∼ 80%) of the atoms and according to experiment it exhibits

small perturbations and serves as a reservoir whereas the smaller one starts to experience

non-negligible oscillations. The described collective atom dynamics of the small cloud is

complex but can be approximated as a harmonic oscillation of the cloud size in the axial

direction [90] for cigar-shape magnetic traps:

Rz(t) =
Rz0 +Rzmin

2
+
Rz0 −Rzmin

2
cosωt (E.1)

Thus in the Thomas Fermi approximation [76] the atom number densities of pure BECs
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can be calculated for both states as:

n1(ρ, z) = n10

(
1− ρ2

R2
ρ

− z2

R2
z0

)
,

n2(ρ, z, t) = n20

(
1− ρ2

R2
ρ

− z2

R2
z(t)

) (E.2)

where the oscillations of the bigger cloud have already been neglected.

From Eq. E.2 the atom number density n1,2 can be easily calculated with the known

values of Rρ, Rz and the total number of atoms N after evaluation of the integral:

N =

∫
n(ρ, z)dV = n0

∫ (
1− ρ2

R2
ρ

− z2

R2
z

)
ρdρdzdφ =

2πn0

∫ (1− ρ2

R2
ρ

)
z
∣∣∣Rz

√
1− ρ2

R2
ρ

−Rz
√

1− ρ2

R2
ρ

− z3

3R2
z

∣∣∣Rz
√

1− ρ2

R2
ρ

−Rz
√

1− ρ2

R2
ρ

 ρdρ =

8π

3
n0Rz

∫ (
1− ρ2

R2
ρ

) 3
2

ρdρ =
8π

3
n0R

2
ρRz

−(1− ρ2

R2
ρ
)5

5

∣∣∣Rρ
0

=

8π

15
n0R

2
ρRz

(E.3)

where during the last integration the substitution was used:

k =

√
1− ρ2

R2
ρ

=> ρdρ = −R2
ρkdk (E.4)

In dilute clouds three-body collisions are unlikely and atoms are getting lost from the

trap mainly due to two-body collisions. For the the second cloud the usual atom loss

equation for the two-body losses can be written in a cylindrical coordinate system:

∂n2(ρ, z, t)

∂t
= −γ22n

2
2(ρ, z, t)− γ12n1(ρ, z)n2(ρ, z, t) (E.5)

Here γ22 is the loss coefficient associated with collisions of the both atoms in the state |2〉

and γ12 is the loss coefficient for collisions between atoms, one in state |1〉 and the other

in state |2〉. From Eq. E.5 the number of atoms in state |2〉 changes with time as

dN2

dt
=

∫
∂n2

∂t
ρdρdzdφ = −γ22

∫
n2

2ρdρdzdφ− γ12

∫
n1n2ρdρdzdφ (E.6)

which after substitution of the values for n1 and n2 from Eq. E.2 becomes:

dN2

dt
= −γ22n

2
20

∫ (
1− ρ2

R2
ρ

− z2

R2
z(t)

)2

ρdρdzdφ−

γ12n10n20

∫ (
1− ρ2

R2
ρ

− z2

R2
z0

)(
1− ρ2

R2
ρ

− z2

R2
z(t)

)
ρdρdzdφ

(E.7)



165

Each integral from this equation can be evaluated with the substitution of Eq. E.4.

The expression for the first integral in Eq. E.7:∫ (
1− ρ2

R2
ρ

− z2

R2
z(t)

)2

ρdρdzdφ = −2πR2
ρ

∫ (
k4 − 2k2z2

R2
z(t)

+
z4

R4
z(t)

)
kdkdz =

−2πR2
ρ

∫ [
zk4
∣∣∣Rz(t)k

−Rz(t)k
− 2z3

3R2
z(t)

k2
∣∣∣Rz(t)k

−Rz(t)k
+

z5

5R4
z(t)

∣∣∣Rz(t)k

−Rz(t)k

]
kdk =

−2πR2
ρ

∫
16

15
Rz(t)k

6dk =
32

105
πR2

ρRz(t)

(E.8)

and for the second one:∫ (
1− ρ2

R2
ρ

− z2

R2
z0

)(
1− ρ2

R2
ρ

− z2

R2
z(t)

)
ρdρdzdφ =

−2πR2
ρ

∫ (
k4 −

(
k2

R2
z0

+
k2

R2
z(t)

)
z2 +

z4

R2
z0R

2
z(t)

)
kdkdz =

−2πR2
ρ

∫ [
zk4
∣∣∣Rz(t)k

−Rz(t)k
− z3

3

(
k2

R2
z0

+
k2

R2
z(t)

)∣∣∣Rz(t)k

−Rz(t)k
+

z5

5R2
z0R

2
z(t)

∣∣∣Rz(t)k

−Rz(t)k

]
kdk =

−4πR2
ρRz(t)

∫
k6

[
1− 1

3

(
R2
z(t)

R2
z0

+ 1

)
+
R2
z(t)

5R2
z0

]
dk =

8

105
πR2

ρRz(t)

(
5− R2

z(t)

R2
z0

)
(E.9)

Thus Eq. E.7 becomes:

dN2

dt
= −γ22n

2
20

32

105
πR2

ρRz(t)− γ12n10n20
8

105
πR2

ρRz(t)

(
5− R2

z(t)

R2
z0

)
=

−γ22

(
15N2

8πR2
ρRz(t)

)2 32

105
πR2

ρRz(t)−

γ12

(
15N2

8πR2
ρRz(t)

)
n10

8

105
πR2

ρRz(t)

(
5− R2

z(t)

R2
z0

)
<=>

dN2

dt
= − 15γ22N

2
2

14πR2
ρRz(t)

− γ12n10

7

(
5− R2

z(t)

R2
z0

)
N2

(E.10)

This equation can be used in an iterative calculation of the number of atoms N2:

dN2(n+1) = N2(n) −
15γ22N

2
2(n)

14πR2
ρ(
Rz0+Rzmin

2 + Rz0−Rzmin
2 cos(ω(ndt) + ϕ0))

dt−

γ12n10

7

[
5−

(Rz0+Rzmin
2 + Rz0−Rzmin

2 cos(ω(ndt) + ϕ0))2

R2
z0

]
N2(n)dt

(E.11)

In the case when loss of atoms from state |1〉 cannot be neglected, for this state an

equation should be written similar to Eq. E.6 and n10 in Eq. E.10 should be expressed

through the number of atoms N1 (Eq. E.3). Then the evolution of the system would be

described by a system of equations: Eq. E.10 plus an analogous equation for
dN1

dt
.
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E.0.13 Number of collisions between atoms in different states

This part of the Appendix is an addition to Section 4.2. The number of molecules produced

by rf stimulation is proportional to the number of collisions of the atoms in different

internal states. The number of collisions between the atoms is proportional to the densities

of the clouds, which is why the total number of created molecules is

dN ∼
∫∫

φθ
n1(r, θ)n2(r, θ)r2sinθdrdθdφ =

2πr2dr

∫
θ
(C1 − α1r

2 + β1rcosθ)
2sinθdθ =

2πr2dr

∫
θ

[
(C1 − α1r

2)2 + 2rcosθβ1(C1 − α1r
2) + β2

1r
2cos2θ

]
sinθdθ =

2πr2dr
[
(C1 − α1r

2)2(−cosθ)
∣∣∣θ1
0

+ β2
1r

2 (−cos3θ)

3

∣∣∣θ1
0

+

1

2
rβ1(C1 − α1r

2)(−cos2θ)
∣∣∣θ1
0

]
=

2πr2dr
[
(C1 − α1r

2)2(1− cosθ1) +
β2

1r
2

3
(1− cosθ1)(1 + cosθ1 + cos2θ1)+

rβ1(C1 − α1r
2)(1− cosθ1)(1 + cosθ1)

]

(E.12)

where n2 = n1 and parameters C1, α1 and β1 are defined by Eq. D.4. The visual repre-

sentation of the integration is shown in Fig. D.1. As in Appendix D.0.9 for zg ≥ R0 case

it can be noticed that:

C1 − α1r
2 + β1rcosθ1 = 0 => C1 − α1r

2 = −β1rcosθ1 (E.13)

Thus:

dN ∼ 2πr2dr(1− cosθ1)
[
β2

1r
2cos2θ1+

β2
1r

2

3
(1 + cosθ1 + cos2θ1)− β2

1r
2cosθ1(1 + cosθ1)

]
=

2

3
πβ2

1r
4(1− cosθ1)3dr

(E.14)

With the help of the law of cosines:

dN(r) ∼ πβ2
1r

12z3
g

(R2
0 − (r − zg)2)3dr =

πM2w4r

12χ2zg
(R2

0 − (r − zg)2)3dr (E.15)
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In the case zg < R0, θ1 is equal to π in Eq. E.12 from which:

dN ∼ 4πr2dr
[
(C1 − α1r

2)2 +
β2

1r
2

3

]
=

4πr2dr
[(Mw2R2

0

2χ
−
Mw2z2

g

2χ
− Mw2r2

2χ

)2

+
M2w4z2

gr
2

3χ2

]
=

πr2M
2w4

χ2
dr
[(
R2

0 − z2
g − r2

)2

+
4z2
gr

2

3

] (E.16)

E.0.14 Rf-induced atom loss curve fitting formulae

Similar to the mw spectroscopy case, in order to fit the experimental data we employ

a step function defined by Eq. D.17 to write the piecewise defined function in Eq. 4.13

as a continuous function (similar to Eq. D.18). As before, integrations over time t and

frequency ν in Eq. 4.13 are replaced with approximate sums, dividing the period of the

dipole oscillation into M intervals and substituting zg = z0
g +d · cos(ωdot) and splitting the

frequency range into N intervals, resulting in the total N×M summands. For the molecular

state A the resonant frequencies decrease with an increase of r and Eqs. D.20 and D.19



168 Shape of the rf induced atom loss curve during molecule associations

are also valid:

dN =
∑
k,t

[
12A× stf

(
R0 − zg−√

(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

])
×√

(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

]
×[(

− 2zgR0 − 2z2
g +

k

N

[
(zg +R0)2 − (zg −R0)2 × stf(zg −R0)

])2

+

4z2
g

3

(
(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2 × stf(zg −R0)

])]
+

A

zg
stf

(
−R0 + zg+√

(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

])
×

[
R2

0 −
(√

(zg +R0)2 − k

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

]
− |zg|

)2]3]
×

df

4

(
f − fm + (zg +R0)2T 2−

k

N
T 2

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

])2

+ ∆2

(E.17)

For the other curves B, C, D, E and F in Eq. 4.5 the range of frequencies is different:

the highest rf frequency is equal to fm + (zg +R0)2T 2 whereas the minimum frequency is

defined with the help of the step function (stf):

fmin = fm + stf(zg −R0)(zg −R0)2T 2,

fmax = fm + (zg +R0)2T 2,

fn = fm + stf(zg −R0)(zg −R0)2T 2+

n

N

[
(zg +R0)2T 2 − stf(zg −R0)(zg −R0)2T 2

]
(E.18)

Combining Eq. E.18 with Eq. 4.10 rn can be written:

rn =
fn − fm

T
=√

(zg −R0)2T 2stf(zg −R0) +
n

N

[
(zg +R0)2T 2 − (zg −R0)2T 2stf(zg −R0)

]
T

(E.19)
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By using the same step function from Eq. D.17 as in Appendix D.0.11 the piecewise

defined function in Eq. 4.13 can be written as one function:

dN ∼
∑(

Φ1 × stf(R0 − zg − r) + Φ2 × stf(−(R0 − zg − r))
)

(E.20)

where the functions Φ1 and Φ2 refer to the first and second equations in Eq. 4.13, respec-

tively. Thus the final fitting formula can be written as:

dN =
∑
n,t

[
12kA× stf

(
R0 − zg−√

(zg −R0)2stf(zg −R0) +
n

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

])
×√

(zg −R0)2stf(zg −R0) +
n

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

]
×[(

R2
0 − z2

g−(
(zg −R0)2stf(zg −R0) +

n

N

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

]))2

+

4z2
g

3

(
(zg −R0)2stf(zg −R0) +

n

N

[
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−
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n

N
T 2

[
(zg +R0)2 − (zg −R0)2stf(zg −R0)

])2

+ ∆2

(E.21)

E.0.15 Measurement of the bound state energies at 0 G

The original task is to compare two sets of data: the set of theoretical points [113] and

the experimental data. The theoretical points are the results of numerical simulations [55]
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and there are no theoretical predictions about the functional dependence that describes

the bound state energies approaching zero magnetic field. For this reason, in order to

calculate the corrections for the energies of the molecular states at zero magnetic field,

the theoretical data is fitted by the function:

f = A+ k ·B + C · (−2 + e−D·B + e−E·
√
B) (E.22)

which has a similar linear asymptotic behaviour at large magnetic fields and bends at low

B. The choice of the exponential function is justified by the good approximation of the

theoretical data points.
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